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Introduction 
In geometry homogeneous manifolds * play an important part. Many 
well-known spaces in geometry, for instance the so-called "symmetric 
spaces" [22] **, belong to this class. 
In the study of homogeneous manifolds the following inter­
esting problem presents itself: given a compact connected homo­
geneous manifold X, find all compact Lie transformation groups 
acting transitively on a space diffeomorphic (homeomorphic, homotopy 
equivalent) to X. With respect to this problem, important contri­
butions have been made by A.Borei [З], W.-Y.Hsiang and J.C.Su [24], 
D.Montgomery and H.Samelson [33], A.L.Oniscik [36], J.Poncet [37], 
H.Scheerer [40] and others. 
The following fact, presumably first noted by J.Tits, is 
remarkable: the product space of two 7-spheres, S χ S , admits 
not only SO 8 x SO 8 as a transitive transformation group (acting 
in the obvious way), but also the simple group Spin 8. Moreover it 
* A manifold is called homogeneous if it admits a Lie transformation 
group G, such that for eny x, y e X there is an element g in G with 
g(x) = y. In this case G is called a transitive transformation group 
of X. It can be proved then, that under certain conditions X is 
diffeomorphic to a quotient of G. 
** Numbers between brackets [ ] refer to the bibliography at the 
end of this paper (pp. 
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has been known also for some time, that the simple Lie groups SO 8 
and Spin 7 (resp. SU 4) act as transitive transformation groups of 
fi 7 4 7 
the product space S x S (resp. S x S ). 
Stimulated by this curious phenomenon we endeavoured to 
determine all compact connected transitive Lie transformation groups 
of spaces homeomorphic to a product of two spheres. 
This thesis contains the resulting classification. The 
material is presented as follows: in the first part, equivalence of 
transitive actions of transformation groups is defined, and classi-
fication of transitive actions of products of the classical compact 
groups is described by representations of Lie algebras (§51-7). 
The second part begins by citing a theorem of A.L.OniSóik 
on a cohomological invariant of homogeneous spaces. This is applied 
to the case of products of two spheres (§8). 
Then, in the next part (§§9-12) the attention is restricted 
to simple transformation groups. The criterion, derived from the 
theorem of Oniéíik, is used together with techniques from algebraic 
topology to find a list of all transitive actions of simple compact 
connected Lie groups on product spaces of two spheres. It turns out 
that the actions already known are the only ones possible (table 3). 
After that, the structure of minimal transitive actions of 
non-simple compact connected Lie groups on a product space of two 
spheres, each of dimension > 1, is studied (§13). (A transitive 
action of a group G is called minimal if it is not an extension 
of a transitive action of a proper subgroup of G.) With the aid 
of algebraic topology and the theory of Lie algebras a list of all 
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equivalence classes of minimal transitive and effective actions 
of connected Lie groups on spaces that are homeomorphic to a product 
of two spheres of dimension > 1, is compiled. In conjugation with 
corollary 1 of §16 on extensions of actions, this yields a classi-
fication of compact transformation groups of these spaces. 
Among the encountered actions is an interesting case, 
in which the homogeneous space is homotopy equivalent, but not 
homeomorphic, to a product of two spheres (remark 1 of §16). 
A remarkable phenomenon occurring in the found actions 
is regarded in remark 2 of §16. 
Classification tables can be found at the end of this 
paper. 

Chapter I. On classification of transitive actions. 
§ 1. Actions. 
An action of a topological group G on a topological space X is a 
continuous map 
φ : G x Χ ->- Χ 
with the following properties: 
a) φ(gj,φ(g2,x)) = ф(ді.д2,х) for all gi,g2 e G 
and all χ e Χ, 
b) φ(e,χ) = χ for all χ e X, where e is the neutral 
element of G. 
In this case (С,ф) is called a transformation group of X. The action 
is said to be of class С if X is а С manifold. G is a Lie group· 
00 
and φ is of class С . 
Two actions Φι and Φ2 of G on X will be called 
equivalent if there is a continuous automorphism F of G and a 
homeomorphism h : X -»• X, such that 
Ф2(д,х) = Τη'1 Φ ι (F(g) ,h(x)) for all g e G and all χ e X. 
If Φΐ and Φ2 are of class С , then the equivalence is said to be 
OD 
of class С if h is a diffeomorphism. (Notice that any automorphism 
of a Lie group is of class С [15513"].) 
Two actions Φι and Φ2 of G on X are called similar 
if there is a homeomorphism h : X •+ X such that 
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<t>2(g(x) = Ь-^Фі (g.hCx) )) for all g e G and all χ e X. 
Equivalent actions need not to be similar (see for example §6 on 
actions of Spin Θ). Classification by similarity refers to the 
question in which ways a given group G can act on a given space. 
Classification by equivalence refers to the question, which are the 
transformation groups of a space. The latter is the main problem 
in this paper. 
An action Φι of a group Gj on X is called an extension 
of an action Φ2 of a group G2 on X if G2 is a closed subgroup 
of G\ and Φι(g,χ) = ф2(д,х) for all g € G and χ e X. In this case 
Φ2 is called the restriction of the action Φι to G2. 
An extension of an action of G2 to an action of Gj is 
called simple if G2 is a normal subgroup of Gj. 
Usually ф(д,х) will be abbreviated to g · x, if it is 
clear which action is meant. 
An action of G on X is called transitive, if for each 
χ and y e X there exists an element g of G, such that g · χ = y. 
A transitive action of G on X will be called minimal 
if it is not a proper extension of a transitive action on X. 
A transitive action of G on X is called irreducible, 
if it is not an extension of a transitive action of a proper normal 
subgroup of G. 
Assume that the number of connected components of the 
Lie group G is countable finite and that G acts transitively on the 
compact connected Hausdorff space X. Then the restriction of the 
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action to the connected component of e in G is also transitive on X. 
If X is a compact connected and simply connected space 
and G is a connected transitive transformation Lie group of X, then 
G contains a compact subgroup Gj, such that the restriction of the 
action to Gj is also transitive on X [32]. The compact group Gj can 
have only a finite number of connected components, hence the restrict­
ion of the action to the (compact) identity component of Gj is also 
transitive on X. 
The main problem to be studied in this paper is the 
classification of minimal transitive actions of Lie groups on a 
product space of two spheres, each of dimension > 1. From the fore­
going it is clear that it will suffice to consider only compact 
connected transformation groups. 
In the following G will always denote a compact connected 
CD 
Lie group, but the actions will not be assumed to be of class С 
unless so specified. 
§2. Pairs of groups. 
Assume that G acts on X, and let χо be an element of X, then 
U = {g I g e G | g · x 0 = x 0} 
is called the isotropy group of the action, at the base point XQ. 
If X is a Hausdorff space, then U is a closed subgroup of G. 
Assume that G acts transitively on X and let UQ (res­
pectively и^ ) be the isotropy group at xg (respectively x^ ) j then 
Up and Uj are conjugate subgroups of G: if xj = g • χ , then 
ui = g UQ g " 1 · 
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If Φι and Φ2 are equivalent transitive actions of G on X, 
Ui and U2 being their isotropy groups at xg e X, then there exists 
an automorphism of G taking U\ to U2: assume that 
Ф2(д/х) = h Φι (F(g) ,h(jc) ) , F an automorphism of G and h a homeomor-
phism X •* X; let U3 be the isotropygroup of the action ф^ at M X Q ) . 
Then U3 = F(U2), and U3 is conjugate to U^. 
Consequently an equivalence class of transitive actions 
of G on X defines the isotropy group up to automorphisms of G. 
(G,U) will be called a pair of Lie groups if G is a 
compact connected Lie group and U is a closed subgroup of G. 
Two pairs (G,Ui) and (G,U2) will be called equivalent 
if there is an automorphism F of G such that F(Uj) = U2. 
Let (G,U) be a pair of Lie groups. Then G/U denotes the 
quotient space of left cosets modulo U. Let ρ be the canonical project­
ion of G onto G/U. G/U carries the quotient topology. Then G/U has a 
unique С -structure such that the natural action of G on G/U is of 
class С [22 th 4.2]. Note that this action is transitive and its 
isotropy group at eU is U. 
If U is the isotropy group of the transitive action φ 
of the compact Lie group G on the Hausdorff space X at XQ e X, then 
the map q : G/U -»· X defined by q(gU) = g · xg is a homeomorphism 
commuting with the actions of G on X and G/U Γ43 §7.3]. If the action 
of G on X is of class С , then q is a diffeomorphism Г22 II th.4.3]. 
Consequently equivalence classes of transitieve actions 
of a compact connected Lie group correspond in a one-to-one way to 
equivalence classes of pairs of Lie groups. The homogeneous space 
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corresponding to an equivalence class can be given a unique 
OD OD 
С -structure such that this class becomes а С -equivalence class. 
Remark: If φ] and Φ2 are similar by a homeomorphism h : 
Ф2(д/Х) = h" 1*! (g,h(x)) , 
then the isotropy groups H\ and U2 of òj and Φ2 at a point Xg are 
conjugate subgroups and conversely. So a similarity class of actions 
corresponds to a conjugacy class of closed subgroups of G. 
Clearly an action of a Lie group G^ is an extension of a 
transitive action of a Lie group G2 on a space X if and only if the 
corresponding pairs (Gi,Ui) and (G2,U2) (relative to Xg e X) satisfy 
a) Gi = G2 · Ui 
b) U2 = G2 η Ui . 
Therefore a pair (GjiUj) will be called an extension of 
(G2/U2) if G2 is a subgroup of G^ and the conditions a) and b) above 
are satisfied. 
§3. Effective and almost effective actions. 
Assume that G acts on X, then the group N defined by 
N = { g | g e G | g - x = x V x e X } 
will be called the kernel of the action. N is the intersection of the 
isotropy groups at all points o f X : N = M g U g , where U is one 
geG 
of the isotropy groups; consequently N is the maximal normal subgroup 
of G contained in U. The kernel of the natural action of G on G/U 
will be called the kernel of the pair (G,U); from the foregoing it 
follows that this is the maximal normal subgroup of G that is contained 
in U. 
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An action is called effective if its kernel is {e}. An 
action corresponding to a pair (G,U) is effective if and only if U 
contains no non-trivial normal subgroups of G; in this case the pair 
(G,U) is called effective. 
Any transitive action of a Lie group G with kernel N on 
a space X yields uniquely a transitive and effective action of G/N 
on X. As N is a closed normal subgroup of G, and G is compact and 
connected, G/N is a compact connected Lie group. 
Let (Gi,Ui) be a restriction of (G2»Uj); denote by Nj 
and N2 the kernels of the pairs (Gj ,llj ) and (G2/U2). Then clearly 
Nj = Gj η N2 . 
So the inclusion Gj -»• G2 yields an inclusion 
Gi/Щ •*• G2/N2. 
By this inclusion 
(U2/N2) Π (Gi/Щ) = (U2n Gi)/Ni = Ui/Ni 
U2/N2 · GJ/NJ = {V2'Gy)/l}2 = G2/N2. 
So the effective pair (Gj/Nj, Uj/N^) is a restriction of the effective 
pair (G2/N2, U2/N2), but this need not be a proper restriction even 
if G! / G ?. 
Conversely a restriction of a pair (G/N,U/N) yields a 
restriction of (G,U) and hence, if (G,U) is minimal, then (G/N,U/N) 
is minimal too. 
It would be natural to restrict ourselves to effective 
actions and pairs now. At the moment however we will not do so, as 
we find it convenient to allow for a small kernel in some situations. 
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The Lie algebra g of a compact Lie group G can be decom-
posed as a direct sum of a semi-simple compact Lie subalgebra £* and 
the center c_ of g^  [ 391 : 
£ = 2.' ® £· 
If G is connected (as usual), the connected subgroups G' 
and С of G corresponding to £' and £ generate the group G; the inter-
o 
section of G' and С is finite. Let G' be the universal covering group 
о 
of G' with covering projection π' : G' -*• G'. As G' is a compact 
о 
semi-simple Lie group, G' is a compact Lie group too and π' is a 
r -,
 0
 β
 0 
finite covering Le. g.20 J-Denote G' * С by G and define τ : G •+ G by 
•rr(g,c) = π'(g)'с. Then π is surjective and ker π is isomorphic to 
π'Ί (G'nC) , so ker ir is finite. 
A pair (G,U) can be lifted to a pair (C'ir"1 (U) ) and if 
о (G,U) is effective, then the maximal normal subgroup of G, contained 
in π "l (U) , is ker π, hence finite. 
A pair (G;U) will be called almost effective if U contains 
only finite normal subgroups of G. 
Any automorphism of G is a projection of an automorphism 
о 
of G leaving ker π invariant Гзв], so the liftings of two equivalent 
pairs are equivalent. 
Conversely: assume that (G,Ui) and (G,U2) are effective 
pairs and that their liftings (Ο,π-1^) and (Ο,π"1^) are equivalent 
by an automorphism F of G : IT-1U2 = Fir-^. . As (G,U.) is effective 
the maximal normal subgroup of G contained in π I0] is ker π, hence 
о » -1 
F(ker π) is the maximal normal subgroup of G contained in π и.; but this 
must be ker π since (G.l^) is effective. So F leaves ker π invariant and 
projects to an automorphism F of G such that U2 = FfUj). 
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Hence there is a one-to-one correspondance between 
equivalence classes of effective pairs (G,lP and the equivalence 
о , 
classes of their liftings {G,,n~1U) . Clearly (G,U) is minimal if and 
Ο ι 
only if (G/T U) is minimal. 
§4. Semi-simple pairs of Lie groups. 
If the homogeneous space G/U is simply connected, as it is the case 
in this paper usually, (if the space in question is a product of 
spheres of dimension > 1), then U is connected, as follows from the 
homotopy exact sequence. In the following U denotes a connected 
compact Lie group and G = G] χ С where Gì is a connected simply 
connected compact semi-simple Lie group and С is a torus, unless 
stated otherwise. 
D is a compact Lie group, so its Lie algebra u can be 
decomposed as a direct sum of a compact semi-simple algebra 
ij' = Tuyú] and the center ζ of v.-
и = u' ® z_. 
Let pi : g -* g' and P2 : 2. "* c be the canonical projection 
of g.' ® c. onto its summands; conceive u as a subalgebra of g_. Then 
P2 tva ' ) is commutative as a subalgebra of c. Ät the same time 
P2(u^' ) is isomorphic to a semi-simple algebra modulo the ideal 
ker (ргіи1), hence p2 (vi ' ) = 0. That means, that u' is a subalgebra 
of g.'. 
To u_' and ζ correspond connected compact subgroups U' 
and Ζ of U; U' and Ζ generate U, as U is connected; U' η Ζ is finite. 
As uj_ is contained in g ' , U' is contained in G'. (ΰ',ΙΓ) will be 
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called the maximal semi-simple subpair of (G,U). In general a pair 
(Gì,Ui) will be called semi-simple if both G^ and U^ are semi-simple 
compact connected Lie groups and G^ is simply connected. 
Clearly if (G,Ui) is equivalent to (G,U2), then 
(G'jUt') is equivalent to (G'.U^). 
If (G,U) is almost effective, then so is iG',\l'i. 
The converse statement is not true, as Ζ may contain non-discrete 
normal subgroups of G. Therefore further inquiries must be made on 
Ζ in the case that (G,U) is almost effective. 
Denote Pi : the canonical projection of G = G' χ С onto 
G' ; and К = ker (Pj|z). К is a subgroup of the centre of G: 
К = С Π Ζ, so it is a normal subgroup of G contained in U; if (G,U) 
is almost effective, К can only be finite. 
The goal of this paper is to find effective pairs and 
we allow for almost-effectiveness only to have a nice structure on 
G, this being a product of a semi-simple 1-connected compact Lie group 
and a torus. Dividing out the normal subgroup К of the torus С does 
not spoil this structure. Doing so we can suppose in the following 
that К = {e}, that is to say Pi|z is injective. 
Conversely, assume that (G,U) is a pair of Lie groups 
with G', C, U', Z, Pj, P2 as above. If (G'.U') is almost effective 
and Pi|z is injective, then (G,U) is almost effective. Here is the 
argument: let N be the kernel of (G,U) and N the connected component 
of e in N. Then Pj(N ) is a connected normal subgroup of G' and as 
G' is semi-simple, it is a connected semi-simple subgroup of Pi(U) , so 
Pj(N ) is contained in the maximal connected semi-simple subgroup 
21 
Ρ} (U') e* U' of Pj (U) . But P^U') can contain only finite normal sub­
groups of G', since (G'jO') is almost effective, so P\(N ) = {e} 
and N с ker Pi . 
о J-
Any element of U can be written as u.z, where u e U' and 
ζ e Z. If P1(u.z)= e, then P! (u) = PiCz
-1) e Pi(U') η Pj (Ζ) с 
center Pj (U 1), which is finite. As Pi (u' and Pj |z are injective it 
follows that N is finite, hence N = {e} and N is finite. 
ο ο π 
The classification of all equivalence classes of almost 
effective pairs with a given transformation group G = G' χ С, such 
that its maximal semi-simple subpair is equivalent to a given pair 
(Ο',υ') with Pi Ζ injective, can be done easily for each occurring 
case. So the general classification problem can be reduced to the 
classification of almost effective semi-simple pairs. 
§5. Semi-simple pairs of Lie algebras. 
The semi-simple compact Lie algebras over R have been classified 
[e.g.20,26,46]. Given a semi-simple compact Lie algebra g over R, 
there is just one compact connected and simply connected Lie group, 
such that £ is the Lie algebra of G Γ20,38]. But in general it is 
not sufficient for the definition of an equivalence class of pairs 
of Lie groups to give only the Lie algebras £ and u_ of G and U 
without the way in which u is imbedded in g_ as there may exist 
non-equivalent pairs (G,U) and (G,U) having u_a û_. Take for example 
G = SU 4; U = U = SU 2; the inclusions i : U •*• G and i : G -> G 
are defined by 
22 
' - - ( о lì 
î t a ,
- ( : ! ) . 
In this case G/U is not homeomorphic to G/U, as can be seen easily 
from cohomology over Ζ : 
(i) 3 : H 3 (SU 4) -* H 3 (SU 2) is bijective 
(i) 3 : Η 3 (SU 4) •+ Η 3 (SU 2) is injective 
with cokernel Z2. With the aid of spectral sequences we can see 
for example that H'MG/U) = 0 and H 4 (G/G) « Z2. 
(çj/U, j) will be called a semi-simple pair of Lie 
algebras if £ and u are compact semi-simple real Lie algebras, and 
j is an injective Lie algebra homomorphism of u into c^ . 
Notice that in the foregoing u was conceived as a 
subalgebra of cj, whereas from now on u is not more than a compact 
semi-simple algebra. 
From a semi-simple pair of Lie algebras (<jfU,j) a 
(semi-simple) pair of Lie groups (G,U) can be constructed in a unique 
way such that £ is the Lie algebra of G, j(u) is the Lie subalgebra 
of £ corresponding to the Lie subgroup U of G, G is 1-connected and 
U is connected. Conversely, if a pair of Lie groups (G,U) is given 
and £ and 11 are the Lie algebras of G and U, then the inclusion 
U -»-G yields an injective homomorphism j : u -*• g and so a pair 
(£,u, j ) . 
Two pairs of Lie algebras (ç[,iu,j) and (£,\J,j) are 
called equivalent if there are automorphisms F of £ and f of \± such 
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that j = F · j » f. 
Clearly the equivalence classes of semi-simple pairs of 
Lie groups (G,U) with G a compact 1-connected Lie group and U a 
connected closed subgroup correspond in a one-to-one way to the 
equivalence classes of semi-simple pairs of Lie algebras. 
A compact semi-simple Lie algebra can be decomposed 
uniquely as a sum of its simple ideals; put 
£ = су Φ...® £ (as a Lie algebra) where g. is a 
(non-commutative) simple Lie algebra for each k. 
The map p. : £ •* g, will be defined as the projection 
of 2. onto g, along дд θ...Θ g θ...® £ . Define ν = ker (p. j); 
it is an ideal of uj u_ will denote the complementary ideal in u_ 
к ι к к 
of ν . Then j = (p. j) |u : u -»• g. is an injective homomorphism. 
So a set of pairs { (g^ ,u_ >j
v
))
v
 is defined. This set is 
well defined because of the uniqueness of the decomposition of a 
semi-simple algebra as a sum of its simple ideals. The pairs 
(д. ,u íjt) will be called the simple subpairs of (g^Ujj). 
A pair of Lie algebras (g ,u ,j) will be called simple 
if a is a compact simple Lie algebra, u^  is a compact semi-simple (!) 
Lie algebra and j is an injective homomorphism u^  •* q . 
The simple subpairs of equivalent pairs can be ordered in 
such a way that they are successively equivalent. This is seen from 
the following. 
Let (ç[,Tj(j) and (g^Ujj) be equivalent semi-simple pairs: 
j = F j f, where F (resp.f) is an automorphism of g (resp. u). Put 
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£ = 2.1 θ...® α , where g^ is a simple ideal of c^  f o r each k. Then 
F(^) is a simple ideal of £ for all k, so there is a permutation 
σ of {1,2,. ..,r}, such that FCçjj) = q . .. 
Define the simple subpairs of (g/H.'J' a n d (£»Н.'3' a s ^ n 
the foregoing: 
v. =
 k e
r PkJ 
ν = ker р
к
з 
k
 «
 k 
u Θ V = u 
лк _ лк 
u ® ν = u. 
Then 
лк 
ν ker ρ F j f = ker ρ _ j f 
K
 σ ^ 
f (ker ρ j) = f-if/ ( k ) ) 
So ν = f(ν ). As u is the complementary ideal in u, 
u_ = f (и ). Obviously the pair (g, ,u , j. ) is equivalent to the 
~a(k) A 
Р^ <ао ( к ).Н '5o(k)J
 :
 Як-Зоск,· i 
к Aa(k) , 
, u K U and 
So (к) 
0 Α ι а(к) . ,ι,-ΐ . к. 
З
а(к) = р а ( к ) ЗІ« = Р 0 ( к ) Ρ 3 f|f M u ) 
а(к) 
Р
к
 (j|a) (flf'^u*)) - Ρ j f|u a U 
Conversely: Let two semi-simple compact Lie algebras 
2 and u_ be given with £ = gj ... σ , where çj^  is simple for 
к 
1 S к S r; and let for each к an ideal u of u be given such that 
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1 г 
и_ = и
1
 +. . .+ u_ ; and let for each к an injective homomorphism 
Jk : u_ ->- £. be given. Then clearly a pair (£,u,j) can be defined 
such that {(g^fU, »Jk)|l ¿ к £ r} is the set of simple subpairs of 
(£,>i,j): to see this, define ν as the ideal in u^  complementary to 
k к к 
u , define j. : u -*· g. by j.fu+v) = j (u) if u e u and ν e v. » a n d 
define j : u -> £ by j (u) = ji(u) + ...+]' (u) . 
In general it is not true, that systems of successively 
equivalent subpairs induce equivalent semi-simple pairs. For example 
take 2J =£2 = ^ 5 ' а = 2 Д β 2 2 a n d take и = и г = u 2 = A 2 ® A 2 
л A 
(for notation see §6) and define jj and Ji : u -»• £1 > 32 3ιηά J2 : 
u •* дг by j^a.B) = J2<ct,ß) = li (ο,β) = ig °1 l2(a.ß) = Κ g ; 
then j is equivalent to j (k = 1,2). The homomorphisms j = (Іі.іг) 
к it 
and j = (зі»І2) induce inclusions i and i of U = SU 3 * SU 3 in 
G = SU 6 x SU б defined by the same formulas. Let t be the map 
S U 6 x S U 6 - » - R x R defined by 
t(Y,6) = (imaginary part of trace γ, imaginary part of trace δ). 
Put 
Си+п г о о 
О (1+1)>5/2 о 
^ 0 0 -; 
У 
Л о 
О i О 
^ 0 0 -1 
л 
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then t i (α,Β) = (l+/2,l+/2) and t Î (α,Β) = (l+/2,3-/2). Let F and f 
be automorphisms of G and U. The map "trace" is invariant under con­
jugation and 
Aut(SU(k) x SUOO )/Int(SU(k) x SU(k)) is generated by the automorphisms 
(α,Β) ·-»• (Β,α) and (α,Β) >—*• (ά,Β), hence t F i f (α,В) = (+(1+/2) , + (1+/2) ) 
or ( + (3-/2), +(3-/2)). 
Consequently F i f Φ i in any case, so (^ .u.'^  i s n o t equivalent to 
(a,u,j). α 
Therefore a stronger type of equivalence of pairs of Lie 
algebras has to be introduced: two pairs of Lie algebras (¿,u,j) and 
(g,u,j) will be called strongly equivalent if there is an automorph-
ism F of 2. such that j = F j. 
Lemma 5.1. Two pairs of Lie algebras are strongly equivalent if and 
only if their simple subpairs in a suitable order are strongly equi-
valent. 
Proof: •»: as in the case of the usual equivalence where f now is the 
identity on U. 
**: j(u) = ji(u) +...+ Jr(u) = 
= Fjj(u)+...+Fj (u) = Fj(u). • 
л 
Lemma 5.2. Let (g,u,j) and (£,u,j) be pairs of Lie algebras and 
assume that j = F ° j 0 f, where F is an automorphism of ç[ and f is 
л 
an 'inner automorphism of u; then (£,u,j) and (£,U,j) are strongly 
equivalent. 
Proof: f can be written as e for some у e u. Let χ be an element 
of ii, then 
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j ( x ) = F o j о f (χ) = F » j ( Σ l p (ad y ) n ( x ) ) = 
η=Ο
η
· 
= F Σ i p t a d j ( y ) ) n ( j x ) = F o e a d ( j y ) j ( x ) . 
n=0 
a d ( j y ) 
F 0 e is an automorphism of £, so (g/U/j) is strongly equivalent 
A 
t o ( 3 . ( u , j ) . D 
The classes of strongly equivalent pairs can easily be . 
combined to classes of equivalent pairs: Aut u/Int u^  is finite. Let 
{fQ/...,f } be a set of automorphisms of U such that 
r τ
 A 
Aut u/Int u = Ifo Int u,...,f Int u). Then (g>u,j) and (g,u,j) are 
equivalent if and only if there is а к e {1,...,n} such that 
(g.Uyjf ) is strongly equivalent to (£,u,j). 
A pair of Lie algebras (^ (U/j) is called effective if 
j (u) contains no ideals of cj_ except {0}. If (g^xi.jjis a semi-simple 
pair of Lie algebras corresponding to a pair (G,U) of Lie groups, 
then (^»Ujj) is effective if and only if (G,U) is almost effective. 
A pair of Lie algebras is effective if and only if ÇN Φ Ji for each 
subpair (^rU , jk) . 
So the classification problem of semi-simple pairs of 
algebras has been reduced to the classification of simple pairs. 
§6. On the classification of semi-simple pairs of Lie algebras. 
First the classification of simple pairs (g./^ ,j) will be done for 
the cases, where g is one of the classical real compact Lie algebras 
A (n ^  1), Β (η > 2) , С (η > 3) , D (η ^ 4) [20,26,46]. This will 
-^ І -11 "-η —η 
turn out to be sufficient for the specific classification problems 
of this paper. 
2Θ 
We will use the standard notation : 
2l.(m,K) is the Lie algebra of (mxm)-matrices over K, where К is R, 
С or H. 
ρ 
gl (m#K) is the realification of gl(m,K), obtained by restricting the 
scalars. 
A is the subalgebra of £l (n+l,C) consisting of the matrices α with 
Tr(a) = 0 and α = -α. 
В is the subalgebra of 2^(2n+l,R) consisting of the matrices α with 
С is the subalgebra of gl (η,Η) consisting of the matrices α with 
— η •*— 
α = -a. This algebra can be identified with the subalgebra of 
R t t "" 
σΐ (2n,C) consisting of matrices α with aJ = -Ja and о = -о, 
where J = 
1 
4 -1 / 
D i s the subalgebra of 2l.(2n,R) c o n s i s t i n g of the matr ices α with 
The complexi f icat ions of the a lgebras 2.(и_гА e t c . w i l l 
с с с e c c e be denoted as g . u , A , e t c . The a lgebras A , В , С , D are Lie 
**• — — η — η — η — η — η 
subalgebras of £ l ( n + l
r
C )
r
 2 І ( 2 п + 1 ' С ) £ 1 ( 2 ^ 0 and gl(2n,C) . 
A homomorphism j : u •+ ^ induces a homomorphism 
C C C C С 
j : ід •+ £ . Let £ be a subalgebra of £l(m rC) ; then j induces a 
С 
complex r e p r e s e n t a t i o n ρ of д with dim ρ < m. 
С 
Choose a Cartan subalgebra h in u and a fundamental 
—u — 
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с 
root system Δ of u_ relative to h . In the following £, \J, h and Δ 
will be fixed. 
A finite dimensional complex representation of the semi-
C 
simple Lie algebra u_ can be decomposed into a direct sum of 
С 
irreducible representations; an irreducible representation of и 
can be characterized up to equivalence by its representation dia­
gram obtained from the root diagram corresponding to Δ. The set 
of diagrams of the irreducible components is called the diagram 
С С С 
of ρ; if ρ is induced by 3 : u •+ g_ then the diagram of ρ will be 
called the diagram of the pair («J»^ , ]). These diagrams will be used 
in the classification of simple pairs. The first question to be 
answered is, which diagrams correspond to pairs (2.,_uf j) . 
A representation ρ of u_ is called orthogonal (respect-
ively symplectic) if a representation ρ' of u equivalent to ρ exists, 
С С С с 
such that ρ'(u ) с в or D (respectively С ) for some η. 
— -τι —tl —fi 
A diagram is called orthogonal or symplectic if it 
corresponds to an orthogonal or symplectic representation. Whether 
a diagram is orthogonal or symplectic can be decided by means of 
the following criteria [18,29]: 
A representation of a semi-simple Lie algebra is ortho­
gonal (respectively symplectic) if and only if it can be reduced 
to a sum of orthogonal (respectively symplectic) irreducible 
representations and pairs consisting of an irreducible representation 
and its contragredient representation. 
An irredicible representation can not be both orthogonal 
and symplectic. An irreducible representation is orthogonal or 
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symplectic if and only if its diagram is equal to the diagram of 
its contragredient representation, the "contragredient diagram". 
Assume that и = ид ® и^ and that ид and u?. have repre­
sentations Pi and p2 with diagrams dj and d2. Then the Kronecker 
product σ = oj β 02 is an orthogonal representation if and only if 
p. and p2 are both orthogonal or both symplectic; ρ is symplectic if 
and only if one factor is orthogonal and the other is symplectic. 
So it is only necessary to know the contragredient of 
a representation diagram for a simple Lie algebra, and which of the 
self-contragredient representations of simple Lie algebra are ortho­
gonal and which are symplectic_ That is given in the following 
list [18,29,46]: 
С . ^. , *j λ, λ, η-2 η-1 η 
A representation diagram : —!—^±—. J ... . , . 
λ λ . λ _ λ, λ„ λ, 
η η-1 η-2 3 2 1 
contragredient diagram: . . . ..., . , 
The diagram is orthogonal or symplectic if and only if 
λ = λ . for all i. It is symplectic if η Ξ 1 mod 4 and 
ι n-i+*l 
\ . .. is odd, otherwise it is orthogonal. 
С 1 9 T Т І ^ 
В representation diagram: • 'Z • ·« · .п~г .n~1 ." 
—η 
contragredient diagram: the same. 
The diagram is symplectic if η Ξ 1 or mod 4 and λ is odd, 
η 
otherwise it is orthogonal. 
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„
c
 ^ ^· J· .1 2 3 ,, η-2 η-1 η 
С representation diagram: " ^ -* • • · 
—η 
contragredient diagram: the same. 
The diagram is symplectic if Σ λ is odd, otherwise 
U2i-l<n 
ieZ 
it is orthogonal. 
λ. λ,, λ, λ , λ „ η-1 
С 1 2 3 
D representation diagram: " ' " " 
η
:
3 η - 2 ^ 
λ 
η 
contragredient diagram: if η is even: the same, 
λ. λ„ λ, λ , λ ,
 λ
η if η is odd: 1 2 3 η-3 η-2^. 
η-1 
The diagram is orthogonal or symplectic if and only if η is 
even or λ , = λ . 
η-1 η 
It is symplectic if η = 2 mod 4 and λ + λ is odd, otherwise 
η-1 η 
it is orthogonal. 
„C ...
 Λ
.
 λ1 λ2 λ3 λ4 λ5 
Ε^ representation diagram: · • τ •—* 
λ6 
\
Γ
 \
Α
 λ, λ^ λ, 
contragredient diagram: ,5
 ι
4 3 2
 11 
The diagram is orthogonal if and only if λ. = λ and λ. = λ . 
No symplectic diagram is possible. 
С
 λ1 λ2 λ3 Χ4 λ5 λ6 
ET representation diagram 
S 
contragredient diagram: the same. 
The diagram is symplectic if λι^  + \^ + \y is odd, otherwise 
it is orthogonal. 
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с с с 
G , ί\, Е^ : the diagrams are equal to thexr contragredient diagrams 
and all irreducible representations are orthogonal. 
С 
Note that any representation ρ of a semi-simple Lie algebra ij with 
г* С С 
dim ρ S n+1 induces a map j : ii •*• A : The map Tr : £l(m,C) -*• C_, 
defined by Tr(a) = trace of a, where C^  is the one-dimensional Lie 
С 
algebra, is a Lie algebra homomorphism. и is a semi-simple algebra, 
so it contains a complementary ideal to ker(Tr ρ), which must be 
С 
isomorphic to u /kerCTr ρ) =* Im(Tr ρ) с Ç_, so this ideal must be zero. 
С С 
That means that Tr p(u) = 0 for each u e ii , hence ρ (u) с A . 
The dimension of a representation can be computed from 
its diagram [18] and this will be called the dimension of the diagram. 
С 
Lemma 6.1. Let a representation diagram d of u be given; then 
a) d is the diagram of a pair (A ,u,i) if and only if dim d S n+1; 
—η — 
b) d is the diagram of a pair (B ,u,j) if and only if dim d á 2n+l 
and d is orthogonal; 
c) d is the diagram of a pair (C ,u,j) if and only if dim d ¿ 2n 
and d is symplectic; 
d) d is the diagram of a pair (D ,ια, j ) if and only if dim d S 2n 
and d is orthogonal; 
Proof: =» clear from the foregoing. 
*• clearly in all cases the diagram corresponds to a repre-
C С 
sentation ρ such that ρ (u ) c c¡_ , so ρ (u) is a compact subalgebra 
CR CR С 
of £ , where g_ is the realification of g^  ; £. l s a maximal compact 
CR 
subalgebra of £ ; so ρ (u) is conjugate to a subalgebra of 2. [22]. 
С 
That means, that a representation ρ ' of ÍJ exists such that p' is 
33 
equivalent to ρ and ρ ' (u) с ^. Denote р'|ід = ]. Then d is the 
diagram of ic¡_,u_,j) a 
Lemma 6.2. ¡ Let 5. be a classical simple compact algebra, u a semi-simple 
compact algebra, (£,IJ, jj ) and (£,0^,32) pairs of algebras, the diagrams 
of which are equal. Then (g.,^ , л ) is strongly equivalent to (2_»ü'32)· 
С 
Proof: The representations Pi and P2 of u must be equivalent as 
their diagrams are equal, so there is a complex matrix a, such that 
32(u) = a j i (u)a" 1 
С 
for a l l u e u . We w i l l see, t h a t α can be chosen such t h a t 
acja = g . 
In the case that g = A ( n â l ) denote К = С and 
-^- —η 
m = n+1. In the case that g = Β (η > 2) denote К = R and m = 2n+l. 
-*- η 
In the case that g = С denote К = H and m = η. In the case that 
•^ — η 
^ = D denote К = R and m = 2n. Then in all cases 3i(u) and ]2(u) 
are (mxm)-matrices over К with Di(u) = - ]i (u) and J2(u) = " 32(u) 
for all u e u. 
Two representations over R or H are equivalent if and 
only if their complexifications are equivalent І2І, so an (m*m)-
matrix α over К exists such that 
J2(u) = α Ji (u) о . 
It will be shown, that α can be chosen such that it 
leaveö 2, invariant. 
Substitution yields: 
D2(u) = - (D2(u)) = - (ajxfuja"1) 
t _! t , , t- t-.! , . t-
= - a 1 Di(u) a = a * ]i(u) a. 
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Consequently 
αα зі(u) = зі(u) αα 
for all u e u. 
Denote 3 = αα; then β is a hermitian matrix over K, so 
all eigenvalues of В are positive real numbers; eigenspaces of β 
corresponding to different eigenvalues are perpendicular; and the 
restriction of β to an eigenspace is a scalar multiplication (a 
proof for К = R or С can be found for example in [15], a proof for 
К = Η can be given in the same way). 
Denote by λι,...,λ5 the eigenvalues of β, where 
0 < λι < ....<λ5,· let V. be the eigenspace of λ.. As Ji(u) commutes 
with β, it follows that jjfuJV = V for all i. 
Define an (mxm)-matrix σ over К by 
σ(χ) = l/VX? a(x) if χ e V . 
Let χ be an element of a(V.), then 
о ^ М о - Ч х ) = a(Ji(u)(Vx7a-4x))) = 
= 1/VX^ «(JiCu) ( А^-Чх))) = ojituja-^x) = :)2<u)(x) 
Consequently 
D2(u) = aji (uja-1 
for all u e д. 
Denote by <х,у> the inner product of χ and у 
(χ and у £ К ), defined in matrix notation by 
<x,y> = (x)(y). 
Assume that χ £ V. and у £ V . Then 
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<σ(χ), a(y)> = <1/ / Х
і
а(х) , l/Vx a(y)> = 
t,—, t - , , , „ л - , ^ t -
= l/VxlT (χ) äo(y) = I/VA λ <x, aa(y)> = 
= І / Г А Т < ( X ) , e(y)> = <x,y> xf ι = 3 
= 0 i f i jí 3 
as β leaves V i n v a r i a n t , and V X V i f i ^ j . 
Consequently 
<x,y> = <σ(χ) , a(y)> = (χ) σο (у) = 
= <x, aay> 
m t— ι 
for a l l χ and y e K . S o σ = σ " . 
Let g be an element of çj_, then 
t. -i, t--I t- t- t_ _ι ι ι 
(ago ) = σ g σ = σ g σ 1= -aga 1 so ago" € 3.. 
Consequently conjugation with σ leaves g_ invariant. • 
The question, which should be considered now, concerns 
the relation between the diagrams of two strongly equivalent pairs. 
Assume that (3_,u, jj) and (2.,u., 32) a r e simple pairs with 
<¡_ classical; J2 = Fjj, where F is an automorphism. 
If F is an inner automorphism of %_, then the diagrams of 
the pairs are the same, as there is an α e g such that 
P2(u) = exp(a) p(u) exp(-a). 
Int(2.) is a normal subgroup of Aut(ç[_) and Aut(£) /Int{<¡) corresponds 
to the symmetry group of the Dynkin diagram of g [26]. Aut (A ]/Int(A ) 
•*• -n -n 
с»: Ζ , and the only non-trivial element of this group can be represented 
by the automorphism F : α —*• α. If £. = A and J2 = Fj , then 
^.(u) = -jjiu) and j2(u) = jjtu) for all u ε u 
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J2<u) Jl(u) 
P2(u) = - Pilu). 
So P2 is the contragredient representation of pj. 
All automorphisms of Β (η 2 2) and С (η ä 3) are inner 
—η η 
Consider D (η > 4). If an automorphism of D can be 
^
1
 —η 
extended to an automorphism of gl(2n,R), then it corresponds to a 
conjugation in 2Π2η,Η) ; as we have seen earlier then the matrix 
of a conjugation can be assumed to be an element of 0(2n,R). 
Hence an automorphism of D can be extended to an automorphism of 
gl(2n#R) if and only if it corresponds to a conjugation with an element 
of 0(2n,R). Let с be the homomorphlsm defined by 
c: 0(2n,R) -»• Aut(D ) 
—η 
c(o)(8) = αΒαΤ1. 
Then с induces a homomorphlsm с : 
с : 0(2n/R) •* Aut(D )/Int(D ). 
—η —η 
c(S0(2n,R)) = 1 as S0(2n,R) is connected and Aut(D )/Int(D ) is 
finite; S0(2n,R) is a normal subgroup of 0(2n,R). Consequently с 
induces a homomorphism с : 
с : 0(2n,R)/SO(2n,R) •*• Aut(D )/Int D 
—η —n-
0(2n,R)/S0(2n,R) =* Z2/ its non-trivial element can be represented by 
- 1 0 0 
0 1 0 
0 0 1 
1 I 
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If γ e 0(2n,R) and αΒα"1 = γβγ"1 for each В e S0(2n,R), then from 
Schur's lemma it follows that γ - 1α is only a multiple of the unit 
matrix, so γ = ε.α, where ε e R, ε ^ 0. But det γ = -ε < 0, so 
γ <f SO(2n,R). Hence с is injective. 
If η ä 5, then the symmetry group of the diagram of 
D is isomorphic to Z2, so с is bijective. Conjugation with an 
element of 0(2n,R) yields an equivalent representation, so for 
η i 5 the diagrams of equivalent pairs of type (D ,\±, j) are equal. 
If η = 4: Aut D^/Int Оц is equal to the symmetry group 
^3 of the Dynkin diagram of D^: and Im с corresponds to a subgroup 
=ί Z2/ which can be represented by the reflections to 
the horizontal symmetry axis of the diagram. Then the 
inclusion of Оц in gl(8,R) corresponds to the representation with 
7° 
diagram / 
Let В be an automorphism of D^, that corresponds to a 
о 
rotation of the Dynkin diagram over 120 . The diagram of 02 = ÖJB 
/0 
is /fl and Β Ξ identity on D. mod Int D^ ; each auto­
mi S 
morphism of D4 can be written as А В С , where δ e {0,1}, ε e {0,1,2} 
and С e Int Όμ. If F is an automorphism of Όμ and (1>ц,и_,j) is a 
simple pair, then the diagram of (D^jUjFj) is equal to the diagram 
2 
of (Difjiijj) or the diagram of (Di^u.Bj) or the diagram of Φι,,υ,Β j), 
as ojA is equivalent to a. and an inner automorphism does not change 
the diagram. 
Denote the automorphisms of Spin 8 that are induced by 
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by A,В by the same symbols 
А,В : Spin θ -* Spin 8. 
As В is an inner automorphism of Spin 8, the map for 
homology in degree 3 induced by B: 
В : Нз (Spin 8; Ζ) -• H3 (spin 8;Z) 
1 - I -
Ζ Ζ 
is the identity. Let U be the connected and simply connected compact 
Lie group with Lie algebra и and i : U •+ Spin 8 the homomorphism 
that is induced by j; then 
i^ «(Bi)^ and (B 2i)
+
 : H3(v;Z) •+ H3 (Spin 8;Z) 
must be equal. 
In [19] Dynkin has given a formula for the positive 
factor, that characterizes the map i apart from a sign, where i 
i 3 : Η 3 (G;Z) —»· Η 3 (U;Z) 
ζ ζ 
is the homomorphism, induced by i : U •*• G, where G and U are simple 
Lie groups. This factor is called the (Dynkin) index of i and it 
is denoted by d . 
So the Dynkin indices of j, Bj and B2j must be equal. 
There are 36 diagrams of faithful orthogonal representations of dimen­
sion ^ 8 of semi-simple Lie algebras, up to interchanging of isomorph­
ic ideals. Among them there are 11 doublets, where the Dynkin indices 
are equal. It can be checked that each doublet of diagrams corres­
ponds to only one equivalence class of pairs of algebras. There are 
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no triplets; in each case two of the three representations j, Bj 
and В j are equivalent. 
These doublets of diagrams that correspond to the same 
equivalence class are listed in table 3. The verification will be 
given here only for case nr, 3, which is important in the following. 
The same method can be used for the other cases. 
Let ρ be the projection of Spin θ onto SO 8. The center 
of Spin 8 can be denoted as {l,x,y,xy}, where p(x) = p(y) = -1, 
ker ρ = {1,xy}. 
The standard inclusion i : SO 6 '=-»- SO 8 corresponds to 
0 I 0 
a representation with diagram · · · . The pair (SO 8, SO 6) can 
o e ι 
be lifted to a pair (spin 8,U), where U = p"1(SO 6) . Denote the 
с ° 
inclusion of U in Spin 8 by i. Consider the following commutative 
diagram of exact sequences: 
-* ff2<X)-* *!(&)-» TU (Spin S ) - * π! (Χ)-»· π 0 (&)-*· Tto(Spin 8) 
i
* * 
-*• ИгОО
-
*• η(30 6)-»· πι (SO Ъ)~* πι (Χ)—» πο(30 6 ) — • π0(5Ο 8) 
ο 
where Χ = SO 8/ΞΟ 6 = spin 8/U. From the homotopy exact sequence 
for the bundle 
SO 7/ΞΟ 6 = S6«-* SO 8/SO 6 = X-»· SO 8/SO 7 = S 7 
it follows that πρίΧ) = πι(Χ) = 0, and so 
πι (U) = πι (spin 8) = 0 and iro(G) = 0, hence U is a 1-connected 
о 
covering group of SO 6, so U = Spin 6 = SU 4. This yields the 
following commutative diagram: 
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{1,-1} *= > {l,xy} 
1 Π 
y Ι У 
Spin б = SU 4 <= > Spin θ 
Ρ 
SO 6 <= > SO 8 
The group of inner automorphisms of a compact simple 
Lie group G acts trivially on its center, so there is an induced 
action of Aut(G)/Int(G) on the centre and this action is known to 
be effective. The automorphism A of Spin 8 induces a (non-trivial) 
outer automorphism of SO 8, so it leaves {l,xy} invariant, hence 
A(xy) = xy, A(x) = y and A(y) = x. We can assume that B(x) = xy, 
B(y) = χ and B(xy) = y. 
As -1 ^ 1m pi = lm i, it follows that χ 4 Im i, hence 
xy i lm Bi. This means that pBi is injective. Its diagram corresponds 
to an orthogonal faithful representation of Spin 6 of dimension <_ 8 
and index 2 so it can only be ì ? ? + 2—2—1 
• 
The results can be given as follows: 
Lemma 6.3. Assume that £ is a classical compact simple Lie algebra 
and u is a compact semi-simple Lie algebra. Two pairs (¿,iJ,ji) and 
(З., л, J2) are strongly equivalent if and only if their diagrams are 
equal or 
a) g = A for some n, and the diagrams are contragredient 
·*- —η 
to each other; 
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b) £ = Όμ and the indices of the representations ji and 
J2 are equal; these cases are described in table 1 up to inter­
changing of isomorphic factors of u. 
§7. On the classification of semi-simple pairs of Lie algebras. 
Now a classification of equivalence classes of semi-simple pairs 
of Lie algebras can be given as follows: 
Assume that £ = 2Д 9...9 a · where g, is a classical 
compact Lie algebra; let IJ be a compact semi-simple Lie algebra. 
A row of r representation diagrams for u will be called 
admissible relative to the decomposition £ = gj ®...ffl £ if for all k, 
1 <. к 5. r, the diagram d corresponds to a representation ρ of u such 
С С С 
that P
v
(u )ч З-і and the representation ρ.β.,.θρ of u is faithful. 
Two rows of diagrams (di,...,d ) and (di,...,d ) will 
be called equivalent relative to £ = дд ©...ffl g if (dj,...,d ) can 
be obtained by the following operations: 
a) if g. = A for some k, then d. may be replaced by 
its contragredient; 
b) if g, = D^ for some k, and d, is contained in table 4 
(omitting components with zero representation), then d. may be 
replaced by its partner from this table; 
c) if £. = g then cL and cL may be exchanged; 
d) a symmetry transformation of the diagram of u may be 
applied (on all diagrams άχ,.,.,α at the same time). 
Remark: The only possible symmetry transformations of 
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the diagram of u are the following: 
(i) symmetry transformations of diagrams of simple 
components of type A (n è 2), D (η Ζ 4) and Eg ; 
(ii) exchange of isomorphic components of u. 
Theorem 1. The equivalence classes of admissable rows of represent­
ation diaarams of u relative to 2. = 3.1 9...В g correspond in a 
one-to-one way to the equivalence classes of pairs (g/^ r:]) · 
In С17] Dynkin has given all con^ugacy classes of 
semi-simple complex subalgebras of the non-classical complex simple 
Lie algebras. 
Assume that 2. is a semi-simple Lie algebra over R, g' 
its maximal compact subalgebra, и a compact subalgebra of g.· Then 
according to results of Cartan there exists a subalgebra и' of £* 
that is conjugate to u in £, and all such ii' are conjugate in ^' . 
That means that conjugacy classes of semi-simple compact Lie sub-
algebras of 2. correspond in a one-to-one way to con]ugacy classes of 
subalgebras of "the" compact real form of £. Clearly if all auto-
morphisms of 2^  are inner, which is the case if 2. = £2» D»» І7 o r 
Eg, but not if 2. = Eg, then the conjugacy classes of subalgebras 
correspond in a one-to-one way to the equivalence classes of pairs, 
so these have been classified in [17]. 
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Chapter II. Transitive actions on product spaces of two spheres. 
§8. Introduction. 
The constructions in the preceding paragraphs will be used to 
classify transitive actions of compact connected Lie groups on a 
product space of two spheres. 
OD 
In several cases an action of class С of a Lie group 
a b G on a product of two spheres S * S can be described as follows: 
G acts in а С -way on S , respectively s , and there exist xj e S 
b 
and χ» £ S such that the isotropy subgroups Hj at xj, respectively 
00 
H2 at X2r satisfy G = H1.H2. If this is the case the С -action of 
a b . G on S x S = G/Hi x G/H2, defined by left multiplication on each 
of the factor spaces, is transitive: Let gj, дг be elements of G. 
As G = H1.H2 there exist elements hj e Hj and h2 e H2 such that 
42 91 = h] 1*2 » s o ЗІ*1! = 42^1 a n d 
gjhi (eHj ,eH2) = (gihjH! ,g2h2H2) = (діН^дгНг). 
Hence G.(еНі.еВг) = G/Hj χ G/H2 . Clearly the isotropy subgroup of 
this action at (eHi,eH2) is Hj η H2. 
It will turn out, that all minimal actions of simple 
Lie groups on a product of two spheres can be described in this way. 
In most cases, where G/U is homeomorphic to a product 
of spheres, this fact can be proved in the following way: a sub­
group Η of G can be indicated, such that H contains U, G/H is 
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diffeomorphic to S and H/U is diffeomorphic to S (both spheres 
во 
with the usual differentiable structure), and the С -bundle 
I : S =* H/U '=-»· G/U-»- G/H ^ S 3 
has a principal bundle 
II : KCL-* E—>· G/H ^ S a 
of which a characteristic map Г43] 
s
3 - 1
 - К 
is null homotopic. 
(The bundle II will always be an extension of the bundle: 
H ^ - G-»- G/H .) 
In this situation bundle II is topologically equivalent to a product 
bundle, so it has a continuous section . As bundle II is a 
ED Ш 
С -bundle, it can be assumed that а С -section has been chosen, 
Hence bundle II is С -equivalent to a product bundle 
a a 
K^ -»- S x К—*• S . 
OD 
Consequently bundle I, which is associated to II by the С -action 
b » 
of К on S , is С -equivalent to a product bundle. Hence G/U is 
a b 
diffeomorphic to S * S . 
a b 
Not in all cases, where G/U is homeomorphic to S x S 
a subgroup H of G exists such that G/H and H/U are homeomorphic to 
spheres (see Remark 2516), but in these cases too it will be proved 
that G/U is diffeomorphic to S x S . 
So the topological classification of transitive actions of 
connected Lie groups on products of two spheres will turn out to 
OD 
be the same as the С -classification. 
45 
In many cases arguments from algebraic topology will be 
used. The reader is asked to refer to the list of notations at the 
end of this paper. 
In what follows the transitive actions of compact simple 
Lie groups on a product of two spheres are classified and the minimal 
ones are selected from these (59 - 112). The results of this section 
are contained in table 4. Subsequently the minimal transitive and 
effective actions of non-simple Lie groups on a product of spheres 
of dimension > 1 are classified. A list of all equivalence classes 
of minimal transitive and effective actions of Lie groups on a 
product of spheres of dimension > 1 is given in § 16. 
§9. The theorem of OniSuik. 
In order to restrict the set of all possible combinations of £ a n d 
u the following theorem of A.L. Oniáíik ГЗб p. 154] will be used: 
Theorem. Let X be a compact connected homogeneous space: 
X = G/U 
where G is a connected compact Lie group and U is a closed subgroup 
of G, U is the connected component of e in U. Denote by P(G,t) 
о 
and P(U ,t) the Poincaré polynomials of H (G,Q) and H (U ,0). Then 
о о 
the rational function 
P(G,t) 
P(U ,t) 
о 
is a topological invariant of the space X. Moreover, denote by Ρ and 
* * 
Q the spaces of primitive elements of Η (G;Q) and H (U ;Q); and let 
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i : Ρ -*· Q be induced by the inclusion i : U ->· G, then the 
о о о 
Poincaré polynomials of: 
ker (i : Ρ -»- Q) and Coker (i : Ρ ->• Q) 
о о 
are topological invariants of the space X. 
Now consider the case where X is homeomorphic to a pro­
duct of spheres of dimension S 3 : 
Χ к s
3
 κ S = S0(a+1)/S0(a) x SO(b+l)/SO b =* 
a S0(a+1) » S0(b+1)/S0(a) x SO(b), 
where a, b et 3. 
Then the theorem of Oniêiik yields: 
P(G,t) _ P(SO(a+l) -< S0(b+1) ,t) _ 
P(U ,t) P(SO(a) < SO(b),t! 
о 
_ P(SO(a+l) ,t)
 χ
 P(SO(b+l) ,t) 
P(SO(a) ,t) P(SO(b) ,t) 
For η > 2: 
P(S0(2n+l),t
 =
 (1+t3) (l+t7)...(l+t4n 5)(H-t 4 n 1) 
p ( s o ( 2 n ) , t ) d + t 3 ) ( i + t 7 ) . . . ( i + t 4 n " 5 ) d + t 2 1 1 - 1 ) 
i + t 4 1 1 " 1 
i + t 2 1 1 " 1 
P(SO(2n),t)
 =
 (1+t 3 ) (1+t 7 ) . . . d + t 4 " 5 ) ( l + t 2 " - 1 ) 
P ( S 0 ( 2 n - l ) , t ) ( 1 + t 3 ) ( l + t 7 ) . . . ( l + t 4 n ~ 5 ) 
1 + t 2 " " 1 
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This yields the following criterion: 
G/U 
s
2n
+
l
 χ s
2m
+
l 
s
2n
+
l
 χ 52ш 
including 
s
2 n
 x s
2 m 
including 
s
2 n
 χ s
4 n 
P(G,t) 
P(U,t) 
(i
+
t 2 n + 1Hi
+
t 2 c , + 1) 
<l
+
t 2 n + 1Hl
+
t 4 m- 1> 
ut2"1"1 
1
 +
 t4""1 
(i
+
t4n-1)(i
+
t4n-1) 
і
+ Ь
2 п
-
1)(і^ 2 ш- 1) 
i.t8"-1 
ut2""1 
A rational function f of the form 
f(x) . (і* ...(і+Л i 
Ь b 
d+t 1) (1+t ш 
with {a ,...,a } and {b ,...,b } disjoint sets of natural numbers, 
η m 
determines the rows (ai,...,a ) and (bj,...,b ) up to permutations. 
To see this assume that 
а а с с 
(1+t ) (1+t n)
 =
 (1+t ) (1+t ) 
b b d d ' 
(1+t ) (1+t m) (1+t ) (1+t i) 
with {a , ,a } Π {b , ,b }= φ and {c , ,c } η {d-, »d.} = 0. 
1 Ω 1 ID 1 К 1 J_ 
Then a a d d 
(1+t Ъ (1+t n).(l+t Ъ (1+t ) = 
b1 b ci cv 
= d+t ') (1+t m).(l+t 1) (1+t *) . 
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Assume that a. is a minimal element in {ai,...,a ,di,...,d }, 
then 
a a d d 
(l+t ) (1+t n).(l+t ) (1+t ) = 
a. 
= 1 + t + a polynomial in t with all degrees ^ a.. 
Hence a. is contained in {b, ,. .. ,b ,α. ,.. . ,c, } , but 
ι ι m ι к 
{a, ,...,а } η {b1,...,b } = 0 , so a. = с. for some j. Now both 
1 Tl L Til l i 
а. с. 
sides can be divided by (1+t ) = (1+t -'). An analogous argument 
holds if d. is a minimal element in {a.,...,a ,d.,...,d,}. The 
ι Ι η Α ι 
assertion follows from induction on η and m. 
In the sections §10, 511 and §12, G denotes a simple 
compact 1-connected Lie group. 
§10. The cases where X is S 1 x S or S 2 χ S . 
First the cases where a is 1 or 2 will be dealt with separately. 
Consider X = G/U сг s 1 x S where b >^  1. 
Then X is homeomorphic to 
SO 2/{e} x S0(b+1)/S0(b) =* SO 2 x S0(b+1)/S0(b) . 
The kernel of the map 
H*(S0 2;Q) ->• H*({e}) 
is generated by an element of degree 1, so by the theorem of 
OniSSik ker(i : H (G;Q) ->• H (U;p)) has to contain a generator of 
degree 1. But G is simple and so H (G;Q) does not contain elements 
of degree 1. Contradiction. So a can not be 1. 
Consider X = G/U =¿ S2 x S where b >_ 2. 
Then it follows from the homotopy exact sequence for U c—»• G —*• X 
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that U is connected. 
X is homeomorphic to SO 3 x S0(b+1)/S0 2 x SO(b). The 
standard inclusion SO 2 '^- SO 3 induces a map 
Η (SO 3;Q) -+ Η (SO 2;Q), the kernel of which is generated by an 
element of degree 3, so the kernel of i : H (G;Q) -»• H (U;Q) has 
to contain a generator of degree 3 on account of the theorem of 
Oniääik. As G is simple and hence H (G;Q) ^ Q, it follows that the 
map i3 : H3(G,Q) -»• H3 (U.O) is zero. We will see, that this fact 
implies, that U is commutative. 
Suppose on the contrary that U is not commutative. As 
U is a compact group, its Lie algebra u contains a simple subalgebra 
u, that is isomorphic to A.. This subalgebra corresponds to a 
connected subgroup U. of U. Let i. be the restriction of i to U. . 
Then 
i^ : H3(GrQ) -> H3(U1;Q) 
is zero. But that is impossible Г19], so the previous assumption 
is false: U has to be commutative and so U is a torus group. Conse­
jo 
quently P(U,t) = (1+t) , where к = dim U. 
Distinguish the following cases: 
A) Assume that b is even : X =* S 2 x S , η >^  1 ; 
then 
P(G,t)
 =
 (1+t3) d+t 4"" 1)
 =
 P(G,t) 
p(u,t) (i+t) d+t 2" - 1) (i+t)k 
It follows that 2n-l = 1 or 2n-l = 3 or 2n-l = 4n-l, so η = 2 or η = 1. 
a) Assume that η = 2; in that case 
l[u',t) = lit" and P(U't) = (1+t)k' k 1 Ь 
7 fc-i 
so P(G,t) = (1+t )(1+t) , but that is impossible: G is a simple compact 
Lie group and so H (G,Q) has no generators of degree 1. 
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Ь) Assume that η = 1; in that case 
P(G,t)
 =
 (1+t3) (1+t3) 
P(U,t) (1+t) (1+t) 
but that is impossible : G is simple, so H (G;Q) =* Q. 
B) Assume that b is odd : X = ¿ S 2 X S , η > _ 1 , then 
P(G,t)
 =
 (i+t3)(i+t2n+1) 
P(U,t) 1+t 
. a. a 
P(U,t) = (1+t) and P(G,t) = (1+t ) (1+t m ) with a. ^ 3 , as 
G is simple, consequently U = S 1 and P(G,t) = (1+t )(1+t ). 
There are 3 possibilities: 
a) η = 2, £ = A2, X и S 2 x S 5. 
A fibration 
S 1 &-»- SU 3—»• S 2 x S 5 
would induce an exact sequence of homotopy groups 
... -> π 4 (SU 3) -> ri, (S2 x S5) -»• π3(31) -»• ... 
ι- I-
0 ο ζ 
[11,47]. Contradiction. 
b) n = 3 , £ = B 2 , XuiS
2
 x s
7
. 
A fibration 
S 1 « ^ Spin 5—·• S 2 x S 7 
would induce an exact sequence of homotopy groups 
... •+ π6(5ρίη 5) -»• π 6(3
2
 x S7) •+ πι^ίε1) -+ 
'-іг 
[9,47]. Contradiction. 
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с) η = 5, g = G2, X =¿ S2 x S11 . 
Consider the Leray spectral sequence for cohomology over Ζ of the 
supposed fibration 
S 1 =-»• Aut O-^ S 2 x S 1 1. 
E2 
E P' q = 0 if p+q = 6, butH 0 (Aut 0;Z) ^ Z„ [6j . 
ш 2 
Contradiction. 
Consequently a simple compact Lie group can not act 
transitively on S 1 χ S or S ? x S (b > 1). 
§11. Selection of possibilities. 
Now we can proceed to the question, which simple compact 1-connected 
Lie groups G can act transitively and almost effectively on S x S , 
where a,b > 3. 
From the homotopy exact sequence it follows that U is 
1-connected. 
Assume that G/U = S x S , where a >^  5 and b >_ 5 and 
G and U are simple. Consider the Leray spectral sequence for 
cohomology over Ζ of the fibration 
U^-*- G-*- Sa x S 
where 
E|'q = HP(SaxSb;Hq(U;Z)), 
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) • • ' 
a b з+ь 
Ir 
•s· 
this case 
3
 = s ! ' 3 - as a 
differentials are 
The 
i3: 
car 
map 
H 3(G;Z)-*- H 3(U 
be decomposed 
LI 
zero 
Z) 
as · 
i 3 : H 3 ( G - Z ) - ^ Е
ш
' -^* E ' = H 3(U;Z). Consequently i 3 is a bisection, 
so the Dynkin index of U in G is 1 r 1 9 ] . 
Table 1 contains: 
all possible combinations g,u, where g is a simple compact algebra, 
и a semi-simple compact algebra, g_,u_ satisfying the criterion derived 
from the theorem of Oniéöik (§9); each combination g,u is followed by 
the corresponding dimensions of the spheres; 
all admissible diagrams for the combination g,\j up to 
symmetry transformations of the diagrams; in each case followed by 
the kernel of a corresponding representation of u_; 
the kernel of the induced homomorphism ι : U •*• G, where 
U and G are the connected and simply connected (compact) Lie groups 
with u_ and ^ as their Lie algebras; 
the indices of the induced homomorphisms of the simple 
components of U into G. 
If a faithful representation of u into £ is not possible, 
an asterisk "*" is denoted instead of a diagram. 
A group of one element is denoted by *. 
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We may neglect the cases for which ker (i : U •+ G) is 
non-trivial, as U has to be simply connected. In view of the above 
we also need not consider the cases where a,b >^  5, u is simple and 
the Dynkin index of the inclusion of U in G is not equal to 1. 
In the cases in which g. is exceptional we use the 
classification of the simple subalgebras by Dynkin [17 ] ; only those 
u are mentioned where the Dynkin index of an inclusion of u in α 
can be 1. In these cases only one conjugacy class of such u in σ 
exists. 
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Table 1. The simple pairs of Lie algebras satisfying the OniêCik 
criterion for Ξ χ s , where а, Ь > 3. 
£ 
^2 
-2n+l 
A 
—η 
^З 
^5 
^З 
^4 
^7 
^4 
^5 
^5 
^7 
^5 
u 
{0} 
^2п 
Ъ-2 
h 
h 
h9h 
h™2 
*!*% 
*2 
h 
^3 
°5 
А 2 С 2 
а,Ь 
3 5 
2n+l 2n+2 
2n+l 2n-l 
5 7 
9 11 
4 5 
4 9 
4 8 
5 9 
5 9 
5 9 
5 13 
4 9 
re­
marks 
n>l 
nl3 
representation 
diagram 
(trivial) 
1 0 0 0 0 
1 0 0 0 0 
»^——« · > ψ -i 
extra: f 
3 
extra: 0 1 _° 
1 1 
1 0
+
0 1 
1 0 0
+
0 1 0 
* 
u 
u 
* 
1 0 0 
* 
* 
ker 
of 
repr. 
* 
* 
* 
Z2 
* 
* 
Z2 
Z2 
* 
* 
Z2 
* 
* 
ker 
i 
* 
* 
* 
22 
* 
Z
2 
Z2 
* 
* 
Z2 
* 
* 
in­
dices 
-
1 
1 
4 
1,0 
2 
2 
2,2 
V 
b1 
2 
1 
1 
case 
nr. 
1 
2 
3,4 
5 
6 
7 
8 
55 
£ 
^2 
^2 
^2 
«3 
*3 
Β
Ί 
—3 
â, 
в 
-η 
U 
{0} 
І^ 
¿1 
^2 
»I8*! 
А, А_ 
—1 —2 
^З 
В
п-1 
а,Ь 
3 7 
3 4 
7 И 
6 7 
4 11 
4 6 
6 15 
2п 2п-1 
re­
marks 
n
>3 
representation 
(Dynkin-diagram) 
(trivial) 
l+ì 
2 
2 
6 
l+ï 
?+? 
Ï+1+? 
l_S+2J 
1 1 
Ì Ï+? 9 
? 9+9 ? 
2 0.0 1.0 1 
* 
0 1 0 
1_0 0+0_0 1 
1 0 0 0 0 0 
ker 
of 
repr. 
* 
* 
Z2 
Z2 
Z2 
Z2 
Z2 
* 
Z2 
* 
* 
Z2 
Z2 
Z2 
Z2 
Z2 
• 
Z2 
ker 
i 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
in-
dices 
-
1 
2 
10 
2 
Ю 
20 
1 
4 
3 
1 
V 
V 
2,2 
v 
1 
1 
1 
• 
case 
nr. 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
56 
3. 
24 
В 
-η 
*4 
% 
*А 
В 
—г 
В 
—η 
В4 
В 
—η 
^З 
24 
24 
24 
2б 
2б 
29 
£з 
и 
2з 
2П-2 
22 
2з 
^ 2 3 
Sn-l 
ίη-2 
А^з 
2η-ι 
£2 
=2 
^1^2 
22Θ£2 
І4 
^ І ^ 
^7 
*1 
а,Ь 
7 θ 
4п-1 4п-5 
11 15 
15 19 
4 8 
2п 2п-1 
4п-1 4п-5 
4 8 
2п-2 4п-1 
3 4 
7 15 
4 15 
4 8 
7 19 
4 19 
7 31 
7 11 
re­
marks 
п>4 
п>4 
п
>5 
п>5 
representation 
(Dynkin-diagram) 
0 0 1 
10 0 c o o 
.—.—. .. . —=-, 
extra:0..¿+?-l 
extra:" I \ 
* 
•к 
* 
* 
10 0 0 _0^ 
0 
1 0 
1^_0 
* 
* 
* 
•к 
* 
1 
3 
5 
ker 
of 
repr. 
* 
Z2 
* 
* 
Z2 
* 
* 
* 
* 
* 
ker 
i 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
in­
dices 
1 
1 
1 
1 
1 
1 
1 
1 
10 
35 
case 
nr. 
20 
21 
22 
23 
24 
25 
26 
27 
57 
£ 
£з 
з^ 
£з 
^4 
с 
—η 
Çn 
^ 
с 
-η 
ι 
u 
^2 
V*l 
^1^2 
^Э 
Sn-1 
2n-2 
A l f f iB 3 
C
n-1 
a,b 
6 7 
4 11 
4 6 
6 15 
2n-l 2n 
4n-l 4n-5 
4 8 
2n-l 2n 
re­
mark 
n>3 
n M 
n>4 
1 
representation 
(Dynkm-diagram) 
1+1 
1+? 
1+1 
?+? 
1 Ç+° i 
1 ? 
1 ?+9 1 
1 ?+? ? 
1 0+l 0+0 1 
* 
1 0 0+0 0 1 
representation is 
only possible for 
n=3: 
0 1 
« -· 
representation is 
only possible for 
n=4: 
0 1 
0 l+0 1 
* 
1 0 0 0 0 0 
ker 
of 
repr. 
* 
* 
* 
Z2 
* 
Z2 
•k 
• 
* 
* 
* 
* 
* 
ker 
1 
* 
* 
* 
Z2 
* 
Z2 
* 
* 
* 
* 
* 
* 
* 
* 
in-
dices 
2 
11 
3 
8 
2 
3,8 
1,1 
1,10 
2,1 
2 
1 
1 
2 
1 
case 
nr. 
28 
29 
30 
31 
32 
33 
58 
I 
1 
с 
—η 
^ 
С 
—η 
^ 
^ 
^ 
$4 
^ 
2б 
^9 
54 
24 
55 
^ п 
54 
D 
-η 
54 
54 
u 
^ - 2 
i № 
V i 
A l f f i G 2 
B 2 f f l G 2 
с 2 в с 2 
^2 
^ 
А ^ 
E7 
^З 
*1^3 
^ 
B2n-1 
^3 
5n-2 
^2 
Α1 β Β2 
a,b 
4n-l 4n-5 
4 θ 
4n-5 2n 
4 15 
4 8 
4 θ 
7 15 
7 19 
4 19 
7 31 
6 7 
4 6 
6 15 
2n-l 2n 
3 4 
2n-l 4n-5 
7 11 
4 11 
re­
marks 
n>5 
nl5 
nl2 
n>4 
representation 
(Dynkin-diagram) 
1 0 0 0 0 0 
• « · · • * · -#—Γι 
1 0 0 0
 +
 0 1 0_0 
* 
* 
* 
* 
* 
* 
* 
* 
0 1 0 
! Ì °+l 1J 
* 
ι о о o
+
o о g ι 
1 0 0 0 0 0 0 
extra: ° JL-i 
1 0 0 0 0 0 0 
. . _ я . . . . — * r - r · 
extra: S-l+iLi 
1 0 1 
C_"» 
ker 
of 
repr. 
* 
* 
Z2 
* 
Z2 
* 
Z2 
* 
Z2 
ker 
i 
* 
* 
* 
* 
* 
* 
* 
* 
* 
in­
dices 
1 
1,1 
1 
1 
1 
1 
1 
1 
1 
2,1 
case 
nr. 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
59 
a 
54 
^2n 
^2n 
D 
—η 
24 
54 
54 
% 
Ϊ.2 
U 
и 
ti 
E 6 
u 
A 2®B 2 
^2n-l 
^2n-2 
Vi 
^2 
^1^2 
* 1**1*5.2 
-
*1 
^3 
^3 
% 
ti 
a
r
b 
4 6 
2n-l 2n-2 
2n-l 4n-5 
2n-l 2n-2 
7 7 
4 7 
4 4 
3 11 
5 6 
θ 23 
8 23 
15 23 
9 17 
re­
marks 
n>2 
n>5 
n>5 
representation 
( Dynkm-diagram) 
2 0 0.0 1 0 
* 
• 
* 
i ° ?. .9. i £--" 
0 
1 0 
* 
* 
Λ 
> [17,table 25] 
ι 
ι 
ι 
ker 
of 
repr. 
Z2 
Z2 
* 
ker 
1 
* 
* 
* 
* 
* 
* 
• 
* 
* 
in­
dices 
2,1 
1 
1 
* 
case 
nr. 
44 
45 
46 
47 
48 
49 
50 
51 
52 
60 
512. Discussion of the cases of table 1. 
In the following all cases of table 1 , that have not been excluded 
immediately, will be discussed. 
Each case is indicated by successively its case number, 
a b 
g, u, S x S , and, if necessary, the diagram of its representation. 
"The standardly supposed fibration" will be the bundle 
U e^-* G -*· G/U where (G,U) is a corresponding pair of Lie groups and 
a b 
G/U is supposed to be homeomorphic to S χ Ξ . 
1) A 2 , {0}, S
3
 χ S 5 
π, (SU 3) = 0 and π (S3 χ S5) ^ ζ [Ц ], so SU 3 и S x S . 4 4 2 
2) A,
 + 1 , A , S
2 n + 1
x S 2 n + 2 (n > 1), i_°_S...° £ ? . 
—2n+l —2n — 
The corresponding homogeneous space is 
SU(2n+2)/SU(2n+l) с
 S
4 n + 3
 ψ s
2 n + 1
 χ
 3
2 П + 2
 . 
3) A , A , s 2 n + 1 χ Ξ 2"' 1 (η > 4) , ΙΑ ?...9-2.5 . 
-η -η-2 — 
(η = 3 will be dealt with separately : case 4). 
The corresponding homogeneous space is SU(n+1)/SU(n-1), a Stiefel 
manifold, which is not homeomorphic to a product of homogeneous 
spaces [27]. 
4) A 3, A , S x S , i 
7 « 
SU 4 acts transitively on S m а С way with SU 3 as an isotropy 
subgroup; SU 4 can be identified with Spin 6, which acts transiti-
5 
vely on S in а С way with Spin 5 as an isotropy subgroup. To this 
subgroup there corresponds a compact connected subgroup of SU 4 with 
Lie algebra B^  . The only non trivial representation class of B^  of 
dimension <_ 4 is the symplectric representation ì ì , so up to 
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conjugation the corresponding subgroup of SU 4 is Sp 2. 
SU 3 η Sp 2 = SU 3 η Sp(2,C) η SU 4 [15] 
= Sp(2,C)a SU 3 = Sp(l,C) η SU 2 = SU 2. 
The manifold SU 3. Sp 2 is a compact submanifold of the connected 
Lie group SU 4, and dim(SU 3 . Sp 2) = dim(SU 3) + dim(Sp 2) - dim(SU 2) 
= 8 + 1 0 - 3 = 15 = dim (SU 4J( so SU 3. Sp 2 = SU 4. In combination 
with SU 3 η Sp 2 = SU 2 it follows from §8, that SU 4 has a transi-
» 5 7 
tive action of class С on S χ S with isotropy subgroup SU 2. 
5
> hj· ñ.!® ñ-!' S 4 x s5' · °+° · · 
The corresponding homogeneous space is 
SU 4/SU 2 x SU 2. 
The 6-dimensional representation of SU 4 on Л С with diagram £ 1 9 
is orthogonal and yields a projection Ρ of SU 4 onto SO 6, with 
ker Ρ =i Z. as it is well-known. The P-image of the subgroup 
S(U 2 χ U 2) is conjugate to the standard subgroup SO 4 x SO 2 
in SO 6, as can be seen by direct calculation [13, 22]. The 
maximal semi-simple subgroup of S(U 2 χ U 2) projects onto the 
maximal semi-simple subgroup of SO 4 χ SO 2, hence 
Ρ (SU 2 x SU 2) = SO 4. As π (SO 4) =* Ζ , and π (SU 2 χ SU 2) = О 
and both groupes are connected it folows that SU 2 x SU 2 covers 
SO 4 in a 2-fold way, so P~ (SO 4) = SU 2 x SU 2 and 
SU 4/SU 2 x SU 2 =a SO 6/ΞΟ 4 = V . Results of W -Yi-Hsiang and 
6,2 u 
J.C.Su [24] yield that V » is not homeomorphic to a product of 
4 5 homogeneous spaces, so SU 4/SU 2 х З и 2 ^ 3 x S 
6) А ^ А
у
 9 A 2, S
4
 x S 9, Ì 0_5+? !_? . 
Denote the corresponding homogeneous space SU 5/SU 2 x SU 3 by X. 
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4 
It will be computed, that H (X;Z) =¿ Ζ and that the first Pontrjagin 
class of the tangent bundle to X is not zero. According to a result 
of Novikov [34] the rational Pontrjagin classes of the tangent 
4 9 bundle of a manifold are topological invariants, but ρ (S * S ) = О 
as the tangent bundle to a sphere is stably trivial, so X is not 
4 9 
homeomorphic to S x S . 
Let S, Τ, T' be the standard maximal toruses consisting 
of the diagonal matrices in successively U = SU 2 χ Su 3 , 
G = SU 5 and U 5. Let χ ,.,.,χ be the standard coordinates on the 
universal covering of Ί" with integral values on the unit lattice. 
These can be conceived as the generators of H (T';Z) and by 
transgression in the universal bundle as the generators of 
Η (В ;Z). The maps Η (В ;Z) -» Η (BT;Z) -> Η (Β ;Z) correspond 
to restrictions of the coordinates, to be denoted by successively 
У.,·.·,У_ and ζ ,.,.,ζ , so Η (Β ;Z) is the polynomial algebra 
over Ζ in y.,...,y modulo the ideal generated by у +...+y and 
* 
Η (Β ;Z) is the polynomial algebra in ζ ,.,.,ζ modulo the 
S 1 5 
ideal generated by z.+ z„ and ζ + ζ.+ ζ,. The rap: 
1 2 3 4 5 
H*(B ;Z) -> Η (В ;Z) is described by у. «—»· ζ. . The ring Η (Β,,
 Γ
;Ζ) is 
J - o l i U 5 
* 
the subring of Η (Β ;Z) consisting of the symmetric polynomials 
in χ ,.,.,χ [?] and from the spectral sequence of the bundle 
S -—• В ->- В it follows that 
H (BSU 5 ; Z ) = У1 У з ^ + .-.+Уз) 
(the ring of symmetric polynomials over Ζ in γ.,.,.ιΥ,. modulo the 
ideal generated by у +...+y ), and 
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H (BSU 2XSU 3 î Z ) = S Z ( Z 1 ' Z 2 ) β S Z ( Z 3 ' Z 4 ' Z 5 ) / ( Z 1 + Z 2 ' 2 3 + Z 4 + Z 5 ) 
4 
Especially H (В ,_.;Z) = [u] where u = Σ У.у.і and 
S U l 5 ) Ζ
 l<i<j<5 1 ^ 
H 4 ( B S U 2XSU 3'Ζ) = [ V ' W 3 W h e r e V = Z1 Z2 a n d W = Z3 Z4 + Z3 Z5 + Z4 Z5· 
Let B. : В -»• В be the map that is induced by 
i : SU 2 χ SU 3 •* SU 5. Then (В.) (u) = ν + w. Now consider the 
ι 
spectral sequence for cohomology over Ζ of the bundle 
B. 
SU 5/SU 2 x SU 3' 
В SU 2XSU 3 В SU 5 ' 
1 
i 
г 
1 
? 
Ì 
! 
1 
ι 
К 
I 
I 
I 
Clearly E ' = E ' = 0 as 
1 2 
H ( BSU 2XSU з' = H (BSU 2XSU з' = 0· 
Moreover E ' = 0 as 
( В
І
) 4 :
 » ^ S U S ' " H 4 ( B S U 2 X S U 3 ) Ì S 
injective. Consider the filtration 
4 
H <BSU 2XSU 3) 
^0,4 „1,3 „2,2 „3,1 4,0 
D э о = D =>D =>D =>0. 
^
0
- 2 ' 0 = H 4 ^ S U 5 b -
E0,4 _ D 0 . V . 3 . D0,4 / D4,0 _ H 4 ( B s u 2 ^ 3 ) / ( ν V ( s u 5 ) _ 
= ϊν,νί / Γν + w] . 
ά> Zi 
0 4 0 4 4 
Е^' = E ' = H (SU 5/SU 2xSU 3), so this is generated by 
Χ* (ν) = - Χ* (w) . 
The r o o t s of SU 5 r e l a t i v e t o Τ a r e + ( y . - y . ) , l á i < i < 5 ; 
— ι j 
relative to S : +(z -ζ.) , 1 < i < j < 5. The roots of SU 2 x SU 3 
relative to S are +_(z -z ), +.(z,-z.) , +(z -z ) , +^z -z ) , so the 
complementary roots of SU 5 relative to S are 
+ (z 1-z 3), +(z 2-z 3), +(z 1-z 4), +(z2-z4) , +(z 1-z 5), +(z2-z5) . 
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The Pontrjagin class of the tangent bundle to SU 5/SU 2 χ SU 3 is 
* 2 
Ce] : p(SU 5/SU2 SU3) = χ (ird+b )) where +b. are the comple-
j •' ^ 
mentary roots ; 
p^SU 5/SU 2XSU 3) = y*(Hz21+z^)+2(Zj+z24+z25)) = 
= x*(-6v-4w) = -2χ*(ν) . 
* 4 
As χ (v) is a generator of H (SU 5/SU 2xSU 3) =* Z, the rational 
Pontrjagin class of SU 5/SU 2 χ SU 3 is not zero, so 
4 9 
SU 5/SU 2 x S U 3 ^ S x S О 
The idea for another proof for this case comes from 
Dr. F.J.-B.J.Clauwens, who suggested me to insert this to see that 
4 9 SU 5/SU 2xSU 3 even is not homotopy equivalent to S x S . 
Denote X = SU 5/SU 2xSU 3 and suppose that X is homotopy 
4 9 
equivalent to S χ S . Denote E = SU 5/SU 3. Consider bundle I 
I : SU 2 <= • su 5/SU 3 >• SU 5/SU 2xSU 3 
S 
From the homotopy exact sequence for bundle Π 
II : SU 4/SU 3 c • SU 5/SU 3 —^-y SU 5/SU 4 
ι
=
 ι- ι· 7 * 9 S E S 
it follows that π (E) = 0, so the fibre injection i of bundle I : 
i : S -»• E is homotopic to 0. So the long homotopy exact sequence 
yields short exact sequences : 
0 — > π (E) — » π (Χ) — • π . (S3) —» 0, 
η η η-1 
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especially for η = 8 this yields an exact sequence: 
VE ) 
4 9 3 
π (S «S 3) > TT^S ) > О 
22 Z2 
Consequently π (E) =* Ζ . This will lead to a contradiction. 
Consider the homotopy exact sequence of bundle II : 
9 
-9 δ 7 
'V —»v 
π
θ
Ε
 — *
 π 8 3 
It follows that 6 = 0 . 
Lemma. Let 
II : S a — E-»· S be a fibre bundle with structure group 0(a+l), 
The homotopy exact sequence of this bundle 
•* π (S ) -<• π (E) 
η η 
π (Sb) 
η 
ττ , (S3) 
η-1 
yields a map 6: т. (S ) -»• π (S ) (for η = b) . 
If 5 is zero, then E is homotopy equivalent to (S ν s ) и D , 
where D is an (a+b)-cell attached to S ν s by v. 
Proof: Bundle II has a principal bundle III: 
III : Ota+l)«1—* Ρ -»• S . 
b b b h b 
Write S = D и D , where D and D_ are b-disks with intersection 
„b-l 
Let f be a characteristic map of bundle III : 
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f · S b 1 -* 0(a+l) 
Then the bundle space of II can be written as 
a „b „a b 
E = S x D U S x D 
a b - l W a b - l ^ ^ 
where p . S x s •+ S x S i s d e f i n e d by 
U(x,y) = ( f ( y ) ( x ) , y ) . 
a a a a a a-1 
W r i t e S = D+ ь D_ w i t h D η D_ = S 
Then E = S a x D U ( D a χ D_ U D a x D_) = 
μ 
, a b a b . a b 
= (S x D U D x D_) υ D x D_ 
VI г 
a Ь-1 
where μ ι i s t h e r e s t r i c t i o n of μ t o D x S 
a b a+b 
D e n o t e D_ x D = D 
Let χ (respectively x, ) be an element of S 
a b 
(respectively S ). By contraction of D to {x } and D to χ 
it follows that E is homotopy equivalent to Ε', where 
E' = (S* x ( x ) y {χ } x Db)U D a + b 
b φ a - , 
= (S и D ) и D 
Φ " μ' 
and ф i s d e f i n e d by t h e c o m p o s i t i o n 
J 3 " 1 r ι Ь-1 a „Ь-1 У „ * , „ b - l _ „ a b r e t r . a 
φ : S = {x } x S c^-*- S xS —»• S XS <=-*• S XD - ) S Χ { Χ . } 
Φ (У) = f ( y ) ( x
a
> . 
The map ф is a composition of the maps f and h: 
φ : Sb~l — ί + 0(а+1) -^* S a 
where h(a) = a(x ). 
The map h yields an association of bundle Ш to bundle Π : 
b 
Π : 0(a+l) • Ρ —>· S 
1 . ' ι J,-
HI : S3 ¿ >- E -»• S b 
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This yields a commutative diagram of homotopy exact sequences. 
...-<• π (Ρ) — • π (Sb) — ^ * π (О (а+1) ) -> . . . b b b-1 
..._ ,
ь ( Е ) _ , b (s
b) - 1 .
 V l ,s
a) — ... 
Let 1 be the standard generator of π (S ) , then the homotopy 
b 
class of f is +_ Δ(1_), so the homotopy class of φ is ¿ІіиДЩ = +6 (¿) . 
If 6 = 0, then φ is null homotoplc and in this case S и D_ is homotopy 
equivalent to S ν s , so Ε is homotopy equivalent to (S VS )u D . 
Now return to the present case. Here the lemma may be 
applied, yielding E ~(S ν S ) и D . Let 3 be the inclusion of 
ν 
S v s in (S v s ) u D ; then ] yields isomorphisms for the 
ν 
cohomology groups in degrees less then 15, so 
7 9 
H (E;Z ) Ä H (E;Z ) ca Ζ with generators successively ξ and Ç , 
¿ 2. ¿. / 9 
2 9 
and Sq (ζ7)= 0. But it is a well-known fact, that Sq (ξ ) = ζ 
in H (SU 5/SU 3;Z ) [6,44J . Contradiction. Consequently 
4 9 
SU 5/SU 2xSU 3 is not homotopy equivalent to S x S . 
7) Aj, B 2, S 5 x S 9 , L i . 
A corresponding pair is (SU 5, Sp 2) with the usual inclusion 
Sp 2 с SU 4 с SU 5. Denote Χ = SU 5/Sp 2 and 1 the inclusion of 
Sp 2 in SU 5. Sp 2 is totally non-homologous to zero in SU 4 and so 
in SU 5 [5] (that is to say 1 : H (SU 5) ->- H*(Sp 2) is surjective) 
hence the Leray spectral sequence for cohomology over Ζ of the 
bundle 
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Sp 2 <^ -i+ SU 5 -2-»- X 
is trivial. Consequently 
Hn(X;Z2) =* Ζ if η = 0, 5, 9, 14 
= 0 otherwise. 
5 9 
Denote by η and η non-zero elements of Η (X;Z ) and Η (X:Z ), 
Denote the generators of H*(SU 5;Z ) by ξ , ξ , ξ , ξ , where 
deg(Ç.) = i. Then S q4 (ξ ) = ξ
α
 [44] . 
*
 4
 „ 4 * 4
r 
ρ Sq л 5 = Sq ρ η 5 = Sq Ç5 = E.Q ; 
4 5 9 
So Sq η_ = η . Consequently Χ ψ S χ S . 
8) Α , C
o / S χ S , 
The pair (SU 6, Sp 3) is an extension of (SU 5, Sp 2) : clearly 
SU 5 Π Sp 3 = Sp 2 ; dim (SU 5 . Sp 3) = 
dim (SU 5) + dim (Sp 3) - dim (Sp 2) = 24 + 21 - 10 = 35 = dim SU 6 
and SU 5. Sp 3 is a compact submanifold of the connected Lie group 
5 9 
SU 6, so SU 5 . Sp 3 = SU 6. But SU 5/Sp 2 φ S x S (case nr. 7), 
5 9 
so SU 6/Sp 3 ψ S x S . 
9) Β , {0} , S x S 7. 
тг (SO 5) = 0 [11] and Tr(S3xS7) « Ζ [47] , so Spin 5 φ S 3 x S 7. 
6 6 12 
10
> §2' *!' s 3 x s 4' 1 + i · 
The index of A in ^ for this orthogonal representation is h(1+1) = 1. 
The only symplectic representation of A. with index 1 corresponds 
to the diagram ] , so this pair can be written as (C_ , A , 1 ) . 
7 3 4 
The corresponding homogeneous space is Sp 2/Sp 1 es s Ф S χ S . 
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n) в3, А ^ s
7
 χ s
11
, 1+1 . 
The standardly supposed fibration would yield a spectral sequence 
for cohomology over Ζ . This would be trivial, as the cohomclogies 
of the base space and of the fibre space are exterior algebras 
with generators in odd degrees. So the cohomology of Spin 7 would 
have to be generated by elements in degrees 3, 7 and 11. 
But H*(Spin 7;Z) =* Λ [ξ , ζ , ξ , ξ ], where deg (ξ ) = i Сб] . 
Ζ^ J D О / 1 
Contradiction. 
12) B 3, A 2, S
6
 x S 7, ì_S+0_ì . 
6 °° 
Spin 7 acts on S in а С way with Spin 6 as an isotropy subgroup 
(as a lifting of the standard action of SO 7 on S ); moreover 
7 <» 
Spin 7 acts on S in а С way with the group of automorphisms of 
the algebra of octaves Aut О as an isotropy subgroup [3] . It 
will be proved, that up to conjugation in Spin 7 
Spin 6 . Aut 0 = Spin 7 and Spin б П Aut О = SO 3 
as -subgroups of Spin 7. According to S8 it follows then, 
«o 6 7 
that Spin 7 has a transitive action of class С on S χ S with 
isotropy group SU 3 and diagram 1 ?+2_ 1 
Denote U = Spin 6 η Aut О ; U is a compact connected 
Lie group of rank 5_ 2, as rank Aut 0 = 2 (the Lie algebra of Aut О 
is G ) . Dim Spin 7 >_ dim Spin 6 . Aut 0 = dim Spin 6 + dim Aut О -
dim U, so dim U > _ 2 1 - 15 - 1 4 = 8. The non trivial compact connected 
Lie subgroups с f Spin б (и SU 4) of rank <_ 2 are isomorphic to 
S 1 , S x S , SU 2, SU 2 x S , Spin 5 (e* Sp 2 ) and SU 3 and some of 
their quotients by finite normal subgroups. Of these only 
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dim (Spin 5)= 10 and dim (SU 3)= 8. 
Suppose that U is isomorphic to Spin 5 or SO 5. As ^ has 
only one equivalence class of orthogonal representations of 
dimension <^  6 it follows then that U is conjugated to the standard 
subgroup Spin 5 in Spin 6. Dividing out the centers Ζ of Spin 7, 
Spin 6 and Spin 5 we get the following diagram: 
SO 6 
SO 7 
Aut О 
(The center of Aut О is trivial [46]). 
In this diagram SO 7 can be taken as the group of R-linear norm-
preserving bijections of the underlying linear space of О acting 
trivially on the subalgebra R; SO 6 can be taken as the subgroup 
of SO 7 acting trivially on the subalgebra С. Let V be the R-linear 
subspace of О on which U' acts trivially. Then dim V = 3. As 
U' <= SO б , V contains C. Moreover U' с Aut O, so V is a complex 
linear space, hence the real dimension of V is even. Contradiction. 
It follows that U φ Spin 5. 
Su 3 has only one equivalence class of orthogonal 
representations of dimension <^  6. This corresponds to the diagram 
L-9+íLi , hence U = SU 3. 
Moreover dim (Spin 6 . Aut 0) = dim (Spin 6) + dim (Aut O)-
dim (SU 3) = 15 + 14 - 8 = 21 = dim Spin 7. As Spin 7 is connected it 
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U' 
follows that Spin 6 . Aut О = Spin 7. 
13) 14) 15) and 16) Β , Α θ Aj, S 4 x S 1 1. 
The standardly supposed fibration would yield an exact sequence 
for homotopy groups : 
,-4 11, 
... -»• π (S xs ) - π (SU 2xSU 2) 4 
22 
π4(Ξρίη 7) 
0 
[11, 47]. Contradiction. 
17) and 18) В^, A , S x S . 
The standardly supposed fibration would induce an exact sequence 
for homotopy groups: 
... — * Tr14(Spin 9) * * 1 4(S
6XS 1 5) -£-» w13(SU 4) —»-... 
π (Spin 9) ® ZLb] = Tr14(Sp 4) β zCs] [21]. 
π (Sp 4) = π (Sp) = О П О ] , so тт. .(Spin 9) is finite and 
contains no 3-torsion (in accordance with [31])
r
 hence ker pu = im δ 
contains no 3-torsion. 
π (S xS ) =¿ Ζ χ Ζ [47] contains 3-torsion( but π. (SU 4) = О 
[25,30], hence ker р# contains 3-torsion. Contradiction. 
19) в , в ,, s 2 n χ s 2" - 1 (η > 3), LJ-9...SL 12 . 
—η —η-1 — 
The corresponding homogeneous space is 
Spin (2n+l)/Spin(2n-l) =i SO(2n+l)/SO(2n-l) = V. 
2n
+
l,2 · B u t V 2 n
+
l , 2 
is not homeomorphic to a product space of spheres as 
н 2 П < ч .ч o'-Z) « Z_ [ 5 ] . 2 n + l , 2 2 
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20) ъ^, в3, s χ S , 
The corresponding homogeneous space is homeomorphic to S [3 ]. 
21) Β , В ,, S 4"" 1^ 4"" 5 (n>4), l±0.. .0 0._0 
—Γ —fl-¿ — 
The corresponding homogeneous space is 
Spin (2n+l) /Spin (2n-3) =< SO(2n+l )/SO(2n-3) = V„ , .. 
¿n+1,4 
But H (v. . .;Z ) is generated by elements of degrees 2n-3, 2n-2, 
2n-l and 2n [5], hence V is not homeomorphic to S xS 
22) В^ B2, S"
1
 x S i J, 
The standardly supposed fibration would yield an exact sequence 
for homotopy groups : 
—» π_(Ξ xS ) —• π. (Spin 5) —»· тт. (Spin 9)-* 
о z2 
[47,48] . C o n t r a d i c t i o n . 
23) Β , Β , S1"" x S", 
The standardly supposed fibration 
ÌJLi 15 19 
Spin 7 с—^Ξ5-» Spin 11 » S x S 
would yield a cohomology spectral sequence over Ζ . As Η (Spin 7;Z,) 
(successively H (S XS ;Z ) are exterior algebras with generators in 
degrees 3, 5, 6 and 7 (successively 15 and 19) [è ], this spectral 
sequence would be trivial and it would yield 
* * * 15 19 
H (Spin 11;Z ) « H (Spin 7;Z ) β H (S xS ;Z ), 
10 * 
hence Η (Spin 11;Z ) га Z-. But it is well-known that Η (Spin 11;Z ) 
is an exterior algebra with generators in degrees 3, 5, 6, 7, 9, 10 
and 15, hence Η (Spin 11 ¡ÍZ0) =г Z„ θ Ζ,.. Contradiction. 
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24) В , D . , s 2 n " 2 x S 4 n " 1 (η>5), U S . . Л SS . 
—η —η-1 — ^ Ν 
Ο 
The corresponding homogeneous space is 
Spin(2n+l)/Spin(2n-2) =a SO(2n+l )/SO(2n-2) = V . 
But К (V . -,;Z„) is generated by elements of degrees 2n-2, 2n-l 
and 2n [5 ] , hence V„ ,
 n
 is not homeomorphic to S * S 
¿n+1,J 
25) B3, G2, S 3 x S4, U . 
The corresponding homogeneous space is homeomorphic to S [3 1 . 
26) В., G.
r
 S x S f <-_» · 
Denote the corresponding homogeneous space Spin 9/Aut О by X. Let 
p' be the standard projection 
p' : Spin 9 — • SO 9 
and i' the standard inclusion 
i' : SO 9 <=—>• SU 9. 
The algebra H (SU 9;Z ) is exterior; it is generated by elements 
Ç3, ζ5,..., ξ 1 5, Ç17, where deg ζ^ = i ; i' (Ç4i+1) = 0, and the 
elements η', η', η' and η' generate the exterior algebra Η (SO 9;Z ), 
* 
where ni., = i' (ÇH-.I' Γ6'· T h e m a P 
ρ'* : H*(SO 9;Z-;-* H*(Spin 9,-Z,.) 
э э 
is bijective since Spin 9 is a compact Lie group, ρ' is a 2-fold 
covering homomorphism and 5 and 2 have no-common divisor [б]. 
* ni тД 
Denote ρ' (Л 4 І_ 1) by n ^ j . As P 5 (Ç7) = 3Ç15, where ?5 is the 
first reduced 5-power Г6] , it follows that Ρ (η ) = 3η ,. ^  0. 
Let s be an inclusion of Spin 7 in Spin 9 
corresponding to the diagram i ^J . Denote the standard inclusion 
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of Aut О in Spin 7 by t. Then the homomorphism i = st yields a 
non-trivial representation of Aut О of dimension < 9, hence its 
diagram must be ^^ . The spaces Spin 9/s(Spin 7) and Spin 7/t(Aut 0) 
are homeomorphic successively to S and S [3]. From the cohomo-
logy spectral sequence over Z_ of the bundle 
Spin 7/t(Aut O) =—» Spin 9/i(Aut O) > Spin 9/s(Spin 7) 
7 ' * 
S X S 
15 
* * 7 * 15 
it follows that H (X;Z ) и H (S ;Z ) β H (S ;Z ) as graded 
Ζ -modules. 
Consider the cohomology spectral sequence over Ζ,, of 
the bundle 
Aut О c -^»- Spin 9 -£* X. 
* * 
The algebras Η (Aut 0;Z ) and H (X;Z ) are exterior; they are 
generated by elements of degrees 3 and 11 [6], respectively 7 and 
15, so the spectral sequence is trivial, hence 
p* : H*(X;Z ) •*• H*(Spin 9;Z ) 
is injective. As Η (Spin 9;Z ) =* Η (X;Z ) κ Ζ , there is an element 
σ7 e H
7(X;Z5) with ρ*(σ7) = η 7. Hence ρ*(Ρ^(σ7)) = Р5(Л7) = 3η 1 5 ¿ О, 
1 7 15 
so Ρ_(σ7) ^  0. Consequently Χ is not homeomorphic to S x S 
27) C3, А^ S
7
 x S 1 1, î . 
The corresponding homogeneous space is Sp 3/Sp 1 = X _, a quater-
J , ζ 
nionic Stiefel manifold. As Sp 1 is totally non-homologous to zero 
in Sp 3 it follows that H1(X ;Z2) ы ζ if i = 0, 7, 11, 18 and 
Η (Χ -;Z-) = 0 otherwise, and that the map 
J, Ζ л. 
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ρ* : Η*(Χ 3 ( 2; Ζ 2) - Η * ( Χ 3 ( 2 ; Ζ 2 ) , 
induced by the projection of Sp 3 onto X., _, is injective. Denote 
the generators of Η (Sp 3;Z ) by ξ.,, ξ 7 and ξ . Let χ be the 
7 * 4 
non-zero element of Η (X _;Z ); then ρ (x_) = ξ^. As Sq (ξ ) = ξ 
* 4 4 
[44], it follows that ρ Sq (x ) = ξ.., so Sq (x ) ^  0. Consequently 
Χ
Ί
 » is not homeomorphic to S x S 
28) 29) and 30) С,, Α Θ A , S x S ^ . 
The standardly supposed fibration would yield an exact sequence for 
homotopy groups: 
...—»· π 1 0 ( 5 ρ 3)-»- w 1 0 ( S 4 x S 1 1 ) - í - iTgtSU 2xSU 2 ) - ) - τ^ (Sp 3) -*- . . . 
У * 
0 ζ 3χζ 2 4 ζ 3χ Ζ 3 0 
[10,47]. This sequence can not be exact. Contradiction. 
3 1 )
 Ç.3' ^ 2 ' s 5 X s 6' ^ a n d 
33) с с ,, s 2 " - ^ s 2 n (n>3), i._2_£...2-2.=>0 . 
—η ' —n-1 — 
4n-l 
The corresponding homogeneous space is Sp(n)/Sp (n-1) =* S 
32) Ç^, B2, S 1 1* S 1 5, 5-_i , and 
34) C , C ., S 4 " - ^ S4""5 (n>4), 1_0_S...0.4J · 
—η —n-1 — 
The corresponding homogeneous space is Sp(n)/Sp(n-2). This space is 
not homeomorphic to a product of homogeneous spaces of positive 
dimension [24 ] . 
35) c ^ Aj e ç 3, s 4 χ s 8, ì 2 -2-J+9 ì-2^.0 . 
The corresponding homogeneous space Sp 4/Sp 3xSp 1 is a quaternionic 
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projective space; H (Sp 4/Sp 3 x Sp 1) is a truncated polynomial 
algebra with one generator in degree 4. Hence Sp 4/Sp 3 x Sp 1 is not 
4 θ homeomorphic to S x S . 
36) and 37) Dj, А З , S 6 У S 7, O-I-.0 and ί_°-9+? 0 Ì . 
Both representations correspond to the same equivalence class of 
pairs (see table 1). The corresponding homogeneous space is diffeo-
morphic to S x S . This can be seen directly, for instance for the 
diagram 2-i—9 from the fact, that the bundle 
7 
SO 7 SO 8 
is С -equivalent to a product bundle since π (SO 7) = 0. More 
о 
interesting is the fact, that this case is an extension of case 
number 12 : 
1 0,0 1 
B3' *2' ï+ï-i, s
6
 χ s
7
, 
which proves also that the homogeneous space here is diffeomorphic 
6 7 
to S x S . 
Let i : SU 4 ·»• SO 8 be defined by 
i^a) 
E Ì Λ 
, iE iE 
(i i E ^ 
-iE 
l· 
a+a i(a-a) 
= \ 
\ 
i(a-a) a+a 
The map corresponds to the diagram \—2—9+9 £- î . Let α be an element 
of SU 4; then is i.(a) € SO 7 if and only if 
^(α+α) 
0 
0 
0 
0 0 0 1 
and α-α = 
0 
0 
0 
0 0 0 0 
This is equivalent to saying that α e SU 3. 
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So SO 7 г i (SU 4) = i (SU 3). 
The inclusion i. can be lifted to an inclusion 
ι : SU 4 c—>• Spin 8. 
Then clearly 
Spin 7 η i(SU 4) = itSU 3). 
Spin θ is a compact connected Lie group; the manifold 
Spin 7. i(SU 4) is a compact connected submanifold of Spin θ 
of dimension 21 + 15 - 8 = 28 = dim (Spin 8), so Spin 8 = Spin 7. i(SU 4) 
Hence (Spin 8, i(SU 4)) is an extension of (Spin 7, i(SU 3)). This 
pair corresponds to case nr. 12: B,, A , 1 9+2 : . 
38) D 5 , Aj, s 6 χ s 1 5, IJ J 9+2 2 9 1 . 
This case is an extension of case 18: 
в ^ A 3, s
6
 χ s
1 5
, L 9 2+9. i 1 . 
This can be proved in a similar way as in the preceding case. So 
6 15 
the corresponding homogeneous space is not homeomorphic to S x Ξ 
39) D 0 , в 0 ,, s
2 n
"
1
x s
2 n
 (n>2), Ì 9 9...9 2=2 . 
—¿n —¿n-1 — 
The corresponding homogeneous space is 
4n-l 
Spin (4n)/Spin (4n-l) =* SO (4n)/S0(4n-1 ) ^ S . 
40) ^ , в 3, s
3
 χ s
4
, 9-2r-ì . 
It is well-known that the corresponding homogeneous space is 
homeomorphic to S Γ31 ; actually this diagram corresponds to the 
same equivalence class of almost effective pairs as the diagram 
1 _2 21 which is contained in case number 39 (for η = 2) . 
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41) D , В ,, S 2" - 1* S 4"" 5 (n>4), L-O-O.-.O^J . 
—η —n-z — 
The corresponding homogeneous space is 
Spin(2n)/Spin(2n-3) =Í SO(2n)/SO(2n-3) = V. ,. Now H* (Vn ,;Z-) is 
¿n,J zn
 r J ¿ 
generated by elements in degrees 2n-l, 2n-2, 2n-3, so V. . is not 
¿n, J 
V -. Г · 2 " " 1 О 4 " " 5 
homeomorphic to s χ S 
4 2 )
 P4' I.2' s 7 >< S 1 1 ' 0-=i + 0=i · 
This diagram corresponds to the same equivalence class of almost 
effective pairs as the diagram 1.2 (see table 3 ) , which is contained 
in case number 41 (for η = 4). So the corresponding homogeneous 
7 11 
space is not homeomorphic to S x S 
4 11 
43) and 44) D., Α. β B_, S x S 
Consider the spectral sequence of a fibre bundle 
4 11 Spin 3 χ Spin 5 ^  ->• E —• S x S for cohomology over Ζ . 
* 
As Η (Spin 3>Spin 5;Z ) is generated by elements in degrees 3, 3 
and 7 Γ6"| , it follows that E^'q = 0 if p+q = 5 , so Η (E;Z ) = 0. 
But Η (Spin 8,-Z ) =i Ζ Γ61 , so E can not be homeomorphic to Spin 8. 
45) D , D ,, S 2"-^ S 2"" 2 (n>5), L-0-Í...L2; 
—η —n-1 — 
0 
The corresponding homogeneous space is 
Spin (2n)/Spin (2n-2) sa SO (2n)/SO(2n-2) = V., .. 
2n, 2 
This space is not homeomorphic to a product of homogeneous spaces 
of positive dimension if η И 1» 2, 4 Г24 1 . 
46) Ό^, G 2, S
7
 x S 7, V.° . 
Spin 8 has two different conjugation classes of subgroups isomorphic 
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to Spin 7 corresponding to the diagrams !—Sr^ S and 5_a^¿ . The 
quotient space is diffeomorphic to S in both cases; actually these 
two diagrams yield the same equivalence class of actions of Spin θ 
on S (see §7 and table 3 ). 
Aut О is the group of automorphisms of the algebra 
of octaves 0. It acts trivially on the subalgebra R and it leaves 
the norm on О invariant, so Aut О can be conceived as a subgroup 
of SO 7. As π (Aut O) = 0 Г20,4б1 this subgroup can be lifted to 
a connected subgroup of Spin 7. This yields the following diagram: 
Η = Spin 7 
Dividing out the center of Spin 8 (=¿ Ζ ) yields: 
SO 7 
The inclusion of Aut О in SO 8 determines an orthogonal represen­
tation of dimension <_ 8; this must be a sum of a 7-dimensional 
representation (with diagram i -J) and a one-dimensional trivial 
one ("46] ; hence by conjugation in SO 8 it can be assumed that Aut О 
is contained in SO 7. 
Denote U = Spin 7 л SO 7; it is a compact connected 
Lie group. This yields the following diagram: 
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Spin 7 
Aut О 
SO 7 
Aut О can be conceived as an irreducible set of 7-dimensional 
orthogonal matrices and so the same can be said of U. As 7 is prime, 
any compact connected Lie group that has a faithful irreducible 
orthogonal representation of dimension 7, is simple, hence U must 
be simple. Rank(Aut 0) =2 (its Lie algebra is G ) and rank(SO 7) = 3, 
so ranklU) =2 or 3. Consequently U has Lie algebra A , A , 13 , 15 , 
C^  or (3 . It can easily be checked [18,46 ] , that only B_ and G. 
have orthogonal representations of dim.7. The Lie algebra of U 
can not be В-,, as neither Spin 7 nor SO 7 can be isomorphic to 
Spin 7 η SO 7, so U = Aut 0, hence Η η Η = Aut О. 
Dim H.H = dim Spin 7 + dim Spin 7 - dim Aut О = 
21 + 21 - 14 = 28 = dim Spin 8, so Η .Η = Spin 8. By §8 it follows 
» 7 7 
that Spin 8 has a transitive action of class С on Ξ χ S with 
isotropy subgroup Aut 0. 
47) G , £, S χ S . 
3 11 5 
Aut Ο Φ S x S , for example Κ (Aut Ο,Ζ ) =¡ ζ, [6] . 
48) G , Κ
χ
, s
5
 χ ε
6
. 
The standardly supposed fibration would yield a spectral sequence 
for rational cohomology, which 
would be trivial; E P' q = Q if 
ρ + q = 5. But Η (Aut 0;Q) = 0. 
[б] . Contradiction. 
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fi 21 
49) F\, 3 , S x S . 
Denote the compact connected Lie group with Lie algebra F. by F . 
The standardly supposed fibration would yield a spectral sequence 
for cohomology over Ζ . Η (Spin 7;Ζ ) is an exterior algebra 
,P' 
J2 generated by elements in degrees 3, 7, 11 Гб ] . So E = Е^ = О, 
if ρ + q = 16. 
H*(F4;Z3) ^ (Z3[X8]/(Xg)) x Λ ζ [X 3,X 7,X 1 1,X 1 5] Гб 1 , so 
1 ft 
H (F ;Z ) =; Z-. Contradiction. 
50) F^, C 3, S
8
 x S 2 3. 
The same arguments as in the preceding case can be used to prove that 
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θ 23 
the corresponding homogeneous space is not homeomorphic to S χ Ξ 
as H*(Spin 7;Z ) =¡H*(Sp 3;Z ). [6] 
15 23 
51) F^, G2, S 1 0 У S¿i. 
Q 
Η (F./Aut Ο,-Ζ) = 2 Γ6] , hence F /Aut О is not homeomorphic to 
S x S . 
9 17 
52) Eg, F^, S x S . 
Denote the 1-connected compact Lie group corresponding to E by E . 
—ъ b 
H (Ε,/F ;Z ) is an exterior algebra with two generators ξ and ξ.7; 
g 
and Sq ξ = ξ. [1] . Consequently Efi/F is not homeomorphic to 
S x S 
The result can be taken together as follows: 
Theorem 2. All equivalence classes of transitive actions of simple 
compact connected Lie groups on products of two spheres are repre­
sented in table 4 (at the end of this paper). The actions nr. 1, 2, 
4 and 5 are effective; the action nr. 4 is the effective action 
corresponding to the action nr. 3. The action nr. 3 is an extension 
of the action nr. 2 (as shown in case 37 of table 1). The action 
nr. 4 is an extension of the action nr. 2 by an inclusion 
Spin 7 Ε—»• SO 8 corresponding to the representation diagram ? Ü 1 . 
Only the actions 1, 2 and 5 are minimal. In all cases the correspond-
œ 
ing homogeneous space, furnished with the (unique) С -structure 
η 
such that the action is С , is diffeomorphic to a product of spheres 
œ 
with the usual С -structure. 
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§13. Non-simple transitive transformation groups. 
In sections 13-15 , G will denote a non-simple Lie group which is a 
product of 1-connected compact simple Lie groups and (possibly) a 
torus (unless stated otherwise). 
Firstly, the irreducible transitive and almost effective 
actions of such groups on product spaces of two spheres, each of 
dimension > 1, will be found. Then the minimal transitive and 
effective actions of non-simple compact transformation groups will 
be obtained from these (§16). 
We begin by distinguishing a less interesting type of action. 
For that purpose we need the following 
Lemma 13.1. Let (G,U) be an almost effective pair of Lie groups 
such that 
G/U is homeomorphic to S χ S , 
G = G χ G , where G is a compact Lie group of positive 
dimension, 
U = U, x U 0, where U = U Π G, . 1 2 к к 
Then G./U. (resp. G /U ) is homeomorphic to S (resp. S ) or with 
a and b interchanged. 
Proof: Hq(G/U;Z) = H 4 ^ / ^ x G^U^, Ζ) ^ 
=* (H*(G1/U1; Z) S H*(G2/U2,· Z )
4
 © (H*^/!^) * H* (^A^) ) q + 1 
(Künneth-formula [42]). If Hq(G /U ; Z) were to have torsion, then 
so would Hq(G/U,· Z). But H*(G/U,· Z) = H*(sa x Sb; Z) = 
* a * b * 
H (S ; Ζ) β Η (S ; Ζ) is torsion free. Consequently H (G /U.; Z) and 
H (G,/0,'' z ) a r e torsion free and Η (G/U; Z) =* H*(G /U ;Z) β H (G /U ;Z) . 
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From the assumption that (G,U) is almost effective it follows that 
dim U < dim G , hence H*(G /U ; Ζ) φ H0(G /ϋ ; Ζ) (к = 1,2). Now 
К К К X К Je 
H*(G /U ; Ζ) β Η*(G /U ;Ζ) ^ Η*(S3; Ζ) β Η*(S ; Ζ) is an exterior 
algebra with two generators respectively in degree a and b. Con­
sequently H*(G /U ; Z) =iH*(Sa,· Z) and H*(G /U ; Ζ) ^  Η* (Ξ ; Z) or 
with a and b interchanged. A compact 1-connected homogeneous space, 
* η 
whose integral cohomology algebra is equal to Η (Ξ ; Ζ), is homeo-
morphic to Ξ [4]. This proves the lemma. α 
In the following a pair as in the above lemma will be called 
auletic ' 
The corresponding effective action of an almost effective 
auletic action is auletic as well. Consequently all auletic transitive 
and effective actions of connected Lie groups on products of two 
spheres can be deduced from table 6, which contains all equivalence 
classes of effective and transitive actions of compact connected 
Lie groups on spheres. These have been determined by A.Borei [3], 
D.Montgomery and H.Samelson [33] and J.Poncet [37]. 
The group G is a product of more than one non-trivial Lie 
group. Let us assume that 
G = Gj x G 2 
where G (к = 1,2) is a non-trivial Lie group that is a 1-connected 
compact semi-simple Lie group or a torus or a product of both. Denote 
from οαιλοί: the ancient Greek double pipe (-snawm) , played by 
fingering each pipe with one hand. 
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by Ρ the projection of G onto G (k=l,2) and by i the inclusion 
of U in G. Define 
\ = \ " U 
Then U, с Г e n . 
к к к 
U ы кег(Р і) and U и ker(P i) 
Later on (§15) the following lemma will be used. 
Lemma 13.2. Let I be the principal bundle 
I : Г <=-*• G
n
-+ С / Г . 
2 2 2 2 
Define an action of Г on G./U. by 
P2(u) . g Uj = g . Pjtu"1) . U . 
Then the bundle space of the G /U - bundle II, that is associated 
to bundle I by this action, is diffeomorphic to G/U; so bundle II 
can be written as: 
II : GJ/UJC-O G/U-»· G^I^. 
Proof: The action of Г on G/U is well defined: 
Assume that u, u' с U with Ρ (u) = Ρ (u1); g, g' « G with 
g U = g' U ; then 
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g' P1(u
,
"
1)U1 = g.g
 1g^ . P^u^uu' 1)U1 
As g U = g' U there is an element ν in U , such that Ρ (ν) = g g'. 
Moreover U = ker P i is a normal subgroup of U, so there is an 
element w in U , such that vu = u w. Notice that uu' e U . 
So 
g'P^u'" )U = g.Pjtv u~ u u" JUj = 
= g.P (u"1)P1(w)P (uu'Su = 
= g.P (u"1)U . 
By this action a G /U -bundle II can be associated to bundle I: 
II : Gl/Ui <=-*• G2 x ( G ^ ) — ^2/Τ2. 
If χ e G and χ с G , then <x ,χ > will denote the image of (x ,x U ) 
by the projection of G χ (G./U.) onto G χ (G./U.). By definition 
Γ2 
<x.,χ > is equal to ίχ',χ'? if and only if there is an element w in Γ 
such that x' = χ w and x.'U. = w .x Ü . That is to say: there are 
elements u £ U and ν e U. such that 
Χ
ί
 = x
1 '
p
1 (
u )
-
v =
 XJ.PJCU.V) 
X2 = x2' P2 ( u ) = X2- P2 ( u' v ) 
(xj,x^ ) = (x1,x2).uv. 
Define an action of G χ G on G χ G 1/
U
l by 
2 
(gl(g2) . <x2.x1> = <Я2х2'Яхх1> . 
From the above it follows, that this is well-defined, the action is 
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С and transitive, and its isotropy subgroup at <e ,e > is U. 
Thus G_ χ G./U. is diffeomorphic to G/U. π 
Γ2 
From the homotopy exact sequence of the bundle 
U c->- G •* G/U =i Ξ x S it follows that U is connected, since a and b 
are assumed to be > 1; consequently Γ and Γ are connected too. 
The Lie algebras of G, G , G , U, U., U- will be denoted 
successively by (¡_, g. , c¡_ , u, u , u-. Let ] denote the inclusion 
of ii in 2. corresponding to ι : U —• G. Note that tu = g^ η u_ is an 
ideal in u^ Let u_ be Ціе complementary ideal to u_ 9 U- in u^ . 
Then u, © u. . can be identified with the Lie algebra of Г, . 
-k —12 к 
As the rational cohomology of a compact connected Lie 
group is equal to the cohomology of a connected covering group of 
the Lie group, this cohomology depends only on the corresponding 
complex Lie algebra. Thus we have canonical isomorphisms: 
H*(U;Q) = H*(u;Q) = H* (u^e u^ ffi H.^''2'-
H (u^-Q) β Η (ul2;Q) ® H (u2;Q) 
Η (r^Q) = Η (Uj® u l 2;Q) ^ Η (Uj.-ß) β Η (Н.^'2' 
H*(r2;Q) ^H*(U 1 2;Q) S H*(u2,-Q). 
Consider the following diagram 
Ч 2 
, 
1 
3 
P 2 
Г ^ — — > G 2 к 2 2 
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This yields a conunutative diagram for rational cohomology: 
H (U;Q) <-
A 
,
q2 
Η (Γ2;ς) «-
k2 
H (G;Q) 
H (G 
^ 
^ 
2 , Q ) 
If (Pi) is in]ective, then к must be infective, and so 
dim G <^  dim Г . But Г- is a subgroup of the connected group G , so 
Г = G in this case. Consequently G = G χ Г = G .U. Moreover 
G π U = U , SO(G, U^is an extension of (G.,U.); clearly it is a 
simple extension. Consequently (Pi) and likewise (P.i) are not 
infective if (G,U) is irreducible (that is to say it is not a proper 
simple extension). According to the theorem of Oniscik ker ι has 
only two generators if G/U =* S χ S , so ker (Ρ. ι) and ker (Pi) 
have then one generator each. 
Now assume that G. is a torus. According to the theorem of 
Oniscik ker ι contains no primitive elements of degree 1 since 
* * * 
a, b > 1. But ker(Pi) = ker i O H (G ) is generated by primitive 
* * 
elements of H (G ) , so (Pi) is mjective and consequently (G,U) 
is a proper simple extension of (G ,υ.). 
In the following part of this paragraph as well as in §§14,15 
G will be assumed to be semi-simple (and compact 1-connected) unless 
stated otherwise. 
If G or G„ is a product of two non-trivial normal subgroups, 
then it follows that G can be decomposed as G = G' χ G' where P'i 
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is infective, hence (G,U) is reducible. Consequently G and G 
are simple if (G,U) is irreducible. 
Let u be {0}; denote the connected component of {e} in U 
О С C O г τ 
by U . Then U is a normal subgroup of U and U η U с υ η U = ie}. 
о о 
Now U. х U. is a subgroup of the connected group U and its Lie 
о о 
algebra is equal to the Lie algebra of U, so Ü = U * U . Clearly 
U. = U. in this case, hence (G,U) is an auletic pair. 
The rank of a pair (G.U) is defined by 
r(GrU) = dim kerd* : Ρ -* Q) 
where Ρ and Q are the spaces of primitive elements of H (G;Q) and 
* 
Η (U;Q) respectively. The rank of a pair (G,U) is a topological 
invariant of the corresponding homogeneous space G/U according to 
the theorem of Oniaòik; denote by r(X) the rank of the pair (G,U), 
if X is homeomorphic to G/U. Clearly all pairs of Lie groups 
corresponding to a pair of Lie algebras have the same rank; denote 
by rtçj^u,]) the rank of a pair (G,U) corresponding to (g^u,}) . 
Clearly r(G) is the dimension of a maximal torus of G and 
r(G/U) >_ r(G) - r(U) . 
In the present case 
rtG^Tj) = r(G2,r2) = 1. 
Denote by ρ the projection of £ = g^  ® 3., onto £ along 2._. Then 
3 = ρ ЭІЛі® H.19 l s i n D e c t l v e an¿1 k e r P.D = u.; to the pair (G ,Γ ) 
corresponds the pair of Lie algebras (£ , u^  β Η.ιτ'3,)· 
Consequently 
r (a 1'ü 1
 ф
 Еіг-^І
5
 =
 1 
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and in the same way 
r(S2.H12 · V D 2 )
 = l
· 
Moreover 
rtUj) + r(u ) <_ rtg^ j) 
r ( u 1 2 ) + r(»2) < r ( a 2 ) 
r(u) + r(U ) 1 r(£) 
From r(G/U) > r(G) - r(U) it follows that r(g) £r(u) + 2, 
so 
r(u) + r(u ) <_ r(u) + 2 
r(u12) ±2. 
If (G,U) is non-auletic, then u ^ {0}, so r(u ) = 1 or 2 m this 
case. 
The results of these considerations are summed up in the 
following lemma. 
Lemma 13.3. The only possible cases in which a non-simple Lie group 
that is a product of 1-connected compact simple Lie groups and 
(possibly) a torus, can have a transitive and almost affective action 
on Ξ x s , where a, b > 1, are of the following types: 
1) auletic : the action corresponds to a pair (G,U), where 
G = G 1 x G 2 / U = U x U 2, U k = U η G k, Gj/Uj - S a, G 2/U 2 ^ S b and 
(G ,U ) is irreducible (k = 1,2); 
2) the action corresponds to a pair (G,U), and this to an 
effective pair of Lie algebras (£,ii,]) , where 
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2. = З-і 9 So '2-1 a n d % 5 : 1- шР 1 е' ^ ^ 
H. = Ει β H.12 θ -2 ' iik = - n % 
r(u 1 2) = 1 or 2 
r
<ai'il θ H ^ ' ^ ) = Γ(£2'-12 ® Ü2':l2) = 1; 
3) simple extensions of actions of the preceding types. 
The cases of the auletic type can be read off directly from table 6 
containing all irreducible transitive and effective actions of compact 
Lie groups on spheres. 
In §14 and §15 all cases satisfying the second criterion 
of lemma 13.3 will be constructed; from these all equivalence classes 
of irreducible non-auletic transitive actions of compact 1-connected 
non-simple Lie groups on products of two spheres of dimension > 1 will 
be obtained. 
§14. Selection of possibilities. 
In [36] a table of all simple pairs (д,\і,з) of rank 1 is included. 
Table 5 of this paper is essentially equal to this table. From this 
table a list of all possible cases satisfying the second criterion 
of lemma 13.3 will be made up. 
a) First assume that u contains a one-dimensional commutative 
ideal Τ ; let \; be the complementary ideal to Τ in u_. Denote 
с с 
P(g,t)
 =
 (l+t ) (1+t n) 
Ptu.t) d, d 
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where с. ^  d for all i and j. As g is semi-simple, its rational 
1
 J 
cohomology has no generators of degree 1, but ii = _v Φ Τ , so it can 
be assumed that d. = 1. By the OniSCik-criterion (§9) it follows 
2 Vi 
that G/U may be homeomorphic only to S χ s , and in this case 
| < | ^
 = f^i.(1 + t 2 - ) ( i f b = 2k + 1 ) o r 
=
 Г Т ^ · ;- ' 24-1 (^Ь = 2к). 
1 + t 
If ν = {0}, then it follows that P(£,t) = (1+t3)(1+t3)(l+t2k+1), 
2 3 
so к = 1 » 2. = Α Φ A and G/U may be homeomorphic to S χ S (case 
nr 1 of table 2) . 
If ν contains another commutative ideal φ {0} of u, then 
it follows as in the above, that 
P(g,t)
 =
 (1+t3) 
*<ü.t) "
 (1+t)2 
and u.= T β Τ , 2_ = Α β A , but clearly this case is an auletic 
Now assume that v_ is simple, where ία = ν Θ Τ . Then ν and 
Τ are contained each in one of the algebras u , ii , u_ ; as u, _ φ {0} 
one of the other subalgebras must be {0}, assume that u = {0}. Now 
first assume that ν <= u _. 
1
 =
 r
<£!'£! β H-js-J^ = r(a1'H.i2'jl) - r(2.1) " r (^12 > -
r(ç[j) - r(v) and r(v) + 1 = r(u β u ) <_ rtg, ), 
hence r(£ ) = r(v) + 1 = r(u. Φ u ), so 
2s+l 
Piaj.t) 1 + t 
(3 € N) , 
P(u ®u ,t) 1 + t 
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so from the Oniscik criterion it follows that 
il 
P( 
¿MD . P ( a i ' t ) - P ( i 2 ' t ) _ 1 + t 2 s + 1
 + 3. 
u,t) Piu^ 9 y.12't) 1 + t 
consequently a = A and hence v^  = A. , as ν must be a simple 
subalgebra of c^  by the homomorphism j . But now (g^u^j) is a simple 
extension of (£ ,u.,j]u.) and here we only consider irreducible 
actions (moreover there are no transitive actions of compact simple 
Lie groups on S * Ξ (table 4) ) . 
If να = ν ® Τ and ν is semi-simple but not simple, then 
3 2 
P(\j,t) = (1+t ) , so the Oniäiik criterion yields: 
P(g,t)
 = 1 + t3 1 + t7 
Р (
^
Ь )
 " 1
 +
 t ' 1
 +
 t 3 
in this case, however, rig) = r(ii) , so u = {0}, hence (G,U) is 
auletic. 
Up to interchanging of the indices 1 and 2 the only 
possibility left, where u contains a commutative ideal, is the 
following: u. is simple, u . = Τ and u. = {0}. Then £. = A as 
r (£,»]£. _ Θ ц_, j ) = 1. These cases can be derived from table 5; 
they are contained in table 3 as nr. 2-6. 
b) Next we consider the case where u is semi-simple. 
First assume that 
P (
a i ' t ) , 2n
+
l „ P ( 5 2 ' t ) , 2m
+
l 
, = 1 + t and — ••• , = 1 + t 
P(u1®ul2,t) P(u 1 2eu 2 /t) 
Since PtUjffi u12,t).P(u12© u2,t) = P(u,t).P(u12,t) it follows that 
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! £ $ - = (1
 + t
2 n + 1 ) ( l
 + t
2 m + 1 ) . P ( u l 2 , t ) . 
But i f G/U i s homeomorphic to S χ S then i t follows from the 
a b 
Опіайік criterion that и must be {0} and so (0,0) is auletic. 
The only pairs of rank 1, where the quotient of the Poincaré poly-
2k+l 
nomials is not equal to 1 + t (k e Ν ) , are the numbers 13, 21, 
28 and 31 of table 5. As a consequence it may be assumed (up to 
interchanging of indices), that (£ ,p (u^ ) , ] ) corresponds to case 
nr 13 (u = Aj or Aj 9 Aj), nr 21 (u = A 1 ) , nr 28 (u = A ) or 
31 (u η = A. or A. ffl A.) of table 5. For each of these, all 
combinations of g,, £_, u,, u -, u„, satisfying the criteria of the 
second type in lemma 13.3, have been made up from table 5; they 
are contained in table 2 as number 8 - 1 6 • 
Table 2 contains all cases (2.,u., 3) that have been selected 
in the above. In each case the dinensions a and b of the two 
spheres, the product space of which may be homeomorphic to the 
corresponding homogeneous space, have been calculated by the OniSiik 
criterion. 
a b 
Assume that G/U =¿3 χ S , where a, b >_ 5. From the homotopy 
a b 
exact sequence of the bundle U '—• G ->• Ξ χ S it follows that 
iTjtU) = -^(G) = 0 and π (U) = TT^G) = 0 and i^ : ^ (U) »· π (G) is 
bi^ective; consequently ι : H (U) -»• H (G) must be bi]ective and so 
coker ι must be zero. 
For the inclusions of U in G we refer to the discussion 
of the cases in 515. 
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§15. Discussion of the cases of table 2. 
Now the cases of table 2, that have not been excluded in the table 
itself, will be discussed. Each case is indicated by its case number, 
£, u_, S x S and the case numbers of (g , u θ u , j ) and 
(2.2' -2 ® -12' D 2 ' i n t a b l e 5· 
For each case all equivalence classes of corresponding pai 
(G,U) will be constructed according to §4 - 7 as follows: the algebra 
ii is a direct sum of its maximal semi-simple ideal u' and Its centre 
u. = u.' ® z_ ; 
denote the maximal semi-simple subalgebras of ii , u _ and u by 
u.', u' and ul and the restrictions of ], : u, β u._ •* a, to 
—1 —12 —2 Jk -k —12 ^k 
u/ ® u.Jp by j'. The equivalence classes of the simple pairs 
(g, , u/ Θ uj;,, D/) can be read off from table 5 as the equivalence 
classes of the simple subpairs. As it has been explained in §5 we 
have to split each class into strong equivalence classes. Each 
combination of strong equivalence classes (g,, u! 8 u' , ]') and 
(gl, u!. ® u', j') yields exactly one strong equivalence class of 
semi-simple pairs (c^ , u_', ]'). We combine these strong equivalence 
classes to the ordinary equivalence classes as orbits under the 
action of the finite group Aut u^ ' /Int \i ' . For each class we chose 
о 
a semi-simple pair {<£_, \a' , j ' ) representing it. Let U', G and G 
be the 1-connected compact Lie groups with Lie algebras u', g and 
— 1 
g_. Then J yields a homomorphism 
i' : U' •*• G = G x G . 
о о 
Let 2 be a torus group with Lie algebra ζ ; then 0 = 0 ' χ Ζ is a 
compact Lie group with Lie algebra u. The homomorphism i' is to 
о о 
be extended to a homomorphism ι : U -*• G according to the decom-
O ι 
p o s i t i o n of u as ii = u ffl u . . ffi u^_, such t h a t i | Ζ i s i n f e c t i v e (§4) . 
о о о 
Two extensions ι. and ι of i' are called equivalent if there are 
о о 
automorphisms F and f of G and U respectively such that i_ = F i. f. 
о 
From each equivalence class a homomorphism ι is chosen. Denote 
о о о 
U = i(U); then the homomorphism ι can be decomposed as 
ο ο φ ι 
ι : U —*-• \lc—• G 
where φ is a finite covering and ι is an inclusion. The pair (G,U) 
is almost effective (§4). 
For each pair (G,U) it will be verified wether (G,0) 
a b is homeomorphic or even diffeomorphic to S χ S . 
1 2 3 
1) Α β Α , Τ , S x S ( t a b l e 5 : n r 3 , n r 3 ) . 
G = S U 2 x S U 2 ( U = S . 
A homomorphism of S into SU 2 χ SU 2 corresponding to the case 
that u. = Τ and u. = u = {0}, is conjugate in SU 2 χ SU 2 to 
a homomorphism 
ιψ 
e
i p V
 0 
е ^ 0 
-iqijj 
4 
where p, q e Ζ, ρ И 0, q ^ 0. By applying the automorphism α—*• a 
of SU 2 on any of the two factors we may assume that ρ > 0 and q > 0. 
Put d = (p,q)/ the greatest common divisor of ρ and q. Then 
ker i = {e |k e ζ} is a normal subgroup of U. Dividing it 
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out from U is the same as assuming that (p,q) = 1 ; in that case 
ker i = i l J / s o i = i and U = U. 
2 3 It will be proved that G/U is diffeomorphic to Ξ ч S 
for any p,q. This will be done by S.Smale's classification of 
simply connected 5-manifolds with vanishing second Stiefel-Whitney 
class by the second integral cohomology group [41]. 
The 2-roots [8] of SU 2 are zero, so the complementary 
2-roots of the pair (G,U) are zero, hence the total Stiefel-Whitney 
class w(ri) of the bundle along the fibres of the bundle 
G/u <=-=-»· В — • В is trivial. The restriction of η to G/U by ρ is 
equivalent to the tangent bundle on G/U, so 
w (G/U) = p*(w2(n)) = 0. 
From the exact homotopy sequence of the bundle 
U ^ - G — * G/U 
it follows that ir (G/U) = 0. 
Consider the spectral sequence for integral cohomology of the same 
bundle. 
ι : H (G) -* H 1 (U) is zero 
^2 2 O l 
•^*' - ? ' and H (G) = 0, so d ' is a bisection, 
hence H2(G/U) и Ζ и H 2 (S x S3) . 
By Smale's classification it follows that G/U is diffeo-
2 3 
morphic to S x S . G 
Actually for ρ = q = 1 the case corresponds to the 
2 3 
well-known action of SO 4 on S x S with isotropy group SO 2. 
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The homomorphism ι 
ιψ 
ι . e l· -> 
-ιψ 
ιψ 
-ιψ 
maps the normal subgroup {1,-1} of U into the centre of G, so this 
subgroup can be divided out from G and U. Consider an orthogonal 
4-dimensional representation of SO 2 x SU 2 corresponding to the 
diagram 1 1 The corresponding map f 
f : SU 2 χ SU 2 -»- SO 4 
is surjective and ker f = {(1,1),(-1,-l)} = {ι (1) ,i(-1)}. By direct 
computation one can show that 
.1 
f i φ : S SO 4 
can be transformed by an inner automorphism of SO 4 into 
Г 
ιφ 
e v-
cos 2φ -sin 2Φ О О 
sin 2Ф cos 2ф о О 
О 0 1 0 
0 0 0 1 
The resulting pair is (SO 4, SO 2). 
2 )
 §.2 e -Г -1 ® - 1 ' s 2 * s 7 ( t a b l e 5 : n r 1 2 ' n r 3) · 
This case will be handled in combination with case nr 6. 
3) and 4) G 2 s Α , Α θ Τ
1
, S 2 x S 1 1 (table 5: nr 29/30, nr 3) . 
The standardly supposed fibration yields a spectral sequence for 
Ζ cohomology: 
11 13 11 13 
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** * 2 11 * л 
E = H (S x S ; H (SU 2 x SU 2; Ъ^ ** 
* 2 11 * 
=* H (S x S ; Ζ ) β H (SU 2 x SU 2; Ζ ) 
as algebras. The homomorphism d ' is not zero, since 
H (Aut О x SU 2; Ζ ) = 0 . Hence by the product structure of E it 
follows that d ' ^ 0 . Consequently E^' = 0 and so E^' 4 = 0 if 
ρ + q = 5. But Η (Aut Ο x SU 2 ; Ζ ) 
ζ 2 [6] Contradiction. 
5) Α β Α,, Α , θ Τ 1, S 2 x S 2 n + 1 (η > 2) (table 5 : nr 8, nr 3). 
—η —1 —η-1 — ~~ 
G = SU(n+l), G = SU 2, 
l o l U1 = Α, ,, и.. = Τ , и = {e}, U = SU(η) x S . 
—1 —η-1 —12 — —2 
о о 
A homomorphism ι' of U' = SU(η) into G is defined by the diagrams 
of table 5 up to equivalence and can be chosen as: 
SU -»• SU(n+l) x SU(2) 
ί'ία,Ι) 
0 0. 
0 
.0 1 
4 · "У 
The only elements of SU(n+l) commuting with SU(n) are of the 
following type: 
Г 
6
1 ψ
ο 1ψ 
0 e ιψ 
where ψ e R. So up to conjugation the only possibilities for 
о l 
i : SU (η) χ S -t- SU(n+l) x SU 2 in accordance with the given 
103 
decomposition of u are of the following type: 
/Г 
i(a,e T) ιρψ e r .a 
0 e 
0 
•ιρηψ 
β
1 4 ψ
 О 
-iqil) 
V. 
У 
where P/q€ Ζ, pj¿0, q ^ O . By applying the automorphisms a*-* a 
of S and SU 2 we may assume that ρ > 0 and q > 0. Put с = (p,q) 
the greatest common divisor of ρ and q. Then ker (i|S ) = 
2irik/c 
,
0i_l, 
тпеп K
{ (1 ,е'" і л / ^ ) |k £ Ζ} =¿ Ζ .We may assume that this kernel is trivial 
by dividing it out, so (p^) = 1. 
Denote d = (n,q) 
η = m.d 
q = r.d 
d 
Then ker (Î : 5 - G) = {(e27rikp/d.E , ^ Υ / & ) |k
 e
 Z} - Z^, 
where E is the (n+1)-dimensional unit matrix. 
The subgroup U of G. is 
ker P i 
Г \ 
e .α 
Ч. 
0 e 
0 
•2Trikpn/q 
У 
a€SU(n),keZ}. 
Hence G /U. is homeomorphic to S modulo the action of the group 
{e I к e Z} acting by scalar multiplication. This group can 
be written as {e | h £ ζ} =* Ζ (put к = -ah, where amp + br = 1) , 
hence G./U. is homeomorphic to S /Ζ . If r φ 1 this space is a 
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generalised Lens space; then 
Hk ( s2n+1 z i f k = 0 o r 2n + 1 
r 
= Ζ if к is even and 2 < к < 2n 
r — — 
= 0 otherwise. 
Consider the fibre bundle II as defined in lemma 13.2 
G /U ' 
ri 
G/U -*• G 2/r 2. 
The group Г = (PU) equals { 
e ^•ψ О 
-iqij, 
|q € R} , so G 2 / r 2 = 
1 2 
SU 2 / S is homeomorphic to S . Hence bundle II is 
s2n+1/z G/U s2. 
consider the cohomology spectral sequence of this bundle: 
2n+l 
2n 
Clearly all differentials are necessarily 
,0,2n+i. „ 
zero except possibly for d .So 
E 2' 2 = E 2' 2 a¿ Ζ (if 2n+l И 3, which is 
да да ^ 
4 
here the case). Consequently Η (G/U) is not 
equal to zero, hence G/U is not homeo­
morphic to S χ S if r is not 1. 
Now consider the case in which r-= 1, then bundle II defined 
in lemma 13.2 can be specified as 
-2n+l, 
II : S G/U s
2
. 
According to lemma 13.2 a principal bundle for this is: 
I : Γ-<=-»- G „ — • G_/r. ex S where Г_ = P
n
U at s /Ζ e¿ S1 and Gn = SU 2. ¿ λ ¿ ¿ ¿ ¿ q ¿ 
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The inclusion Τ ·=-•• G is defined by e ίψ 
β
ί 4 ψ
 О 
-Iq* 
/ 
By the identification Г„ •* S : e 
ίαψ 
Ζ (—>· e this homomorphisin 
corresponds to the standard inclusion of S in G„,· so bundle I is 
1 3 2 S —»• S . The action of Γ. on G /и , which makes the Hopf-bundle S 
bundle II to an associated bundle of bundle I, is given by 
P2(u) . g Uj = g Pjtu 1)U 1 
or more explicitly 
іф 
Ζ · ζ = ζ.e 
q 
,η+1 
іпрф 
where ψ e R and ζ e С 
By the identification of Г_ with S this yields 
іф inpX/q ίπιρλ ., ,. 
e · ζ = ζ.e
 r
^ = z . e ^ ( Х = д ф ) . 
Now consider a as an element of R . Define g : S •+ SO(2r+2) by 
g(e ) 
cos(mpX) 
sin(mpX) 
-sin(mpX) 
cos(mpX) 
-Ν 
cos(mpX) -sin(mpX) 
sin(mpX) cos(mpX) 
J 
The action of Γ on G./U. S can be described by 
e · ζ = g(e ) (ζ) 
where λ £ R and ζ e R n + , ||z|| = 1. Let III be the SO(2n+2)-bundle 
associated to bundle I by the homomorphism g. Clearly III is a principal 
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bundle of II; its characteristic map is the decomposition of a 
characteristic map of bundle I and g. A characteristic map of the 
Hopf-bundle I is the identity, so a characteristic map of III is g. 
Its homotopy class [g] e π (SO(2n+2)) =¡ Ζ equals (n+l)mp times the 
generator of τ (SO(2n+2)), so fg] = 0 if (n+l)mp is even. Consequently 
in this case bundle II is a product bundle, hence so is bundle III. 
It follows that G/U is diffeomorphic to S x S if q divides η 
and (n+l)n p/q is even. This condition is equivalent to: either η 
is even and q divides 4n, or η is odd and q divides n. (In both cases 
it is assumed that Cp,q) = 1.) 
Consider the case, where q divides η but (n+l)mp is odd. 
It will turn out, then, that the Stiefel-Whitney class of G/U is 
not trivial. As the Stiefel-Whitney class is a homotopy invariant 
and w(S χ S ) = w(S ) . w(S ) = 1 for any a, b, it follows that 
G/U is not homeomorphic to S χ S 
2 
Denote the tangent bundle of G/U (resp. S ) by τ G/U (resp. 
2 2 
τ S ) and let ξ be the (2n+2)-dimensional real vector bundle over S 
associated with the Ξ - bundle II. Let ρ (ξ) and ρ (τ S ) be the 
2 
vector bundles over G/U induced by the projection ρ : G/U -»• S of 
* * 2 bundle II. Then τ G/U θ 1_ is equivalent to ρ (ξ) Θ ρ (τ S ) , where 
1_ is a one-dimensional trivial bundle over G/U, so 
w(T G/U) = W ( T G/U 9 1)= w(p*(Ç) θ ρ*(τ S2)) = 
* it 2 * 
= ρ ν (ζ) . ρ W ( T S ) = ρ W(Ç) . 
The principal 0(2n+2)-bundle of ξ is bundle III, so w (ξ) = (n+l).mp ¿ 0; 
* 2 2 2 
the homomorphism ρ : H (S ;Z ) -»• H (G/U;Z ) is bijective, hence 
v 2 ( G / U W Ï Ï . l 0 7 
1 2 7 2) В 9 Α , Α θ Τ , S x S (table 5: nr 12, nr 3) and 
6) Β θ Α., В 
—η —1 —г 
^ © Τ 1, S 2 x S 4 n 1 (η >_ 3) (table 5: nr 18, nr 3) 
G = Spin (2n+l), G 2 = SU 2 
о 1 
U = Spin (2n-l) x S , (η >_ 2). 
о 
The homomorphism P.i|Spin(2n-1) o^ Spin(?n-1) into Spin(2n+1) corres­
ponding to the diagram ;_2—2... S—;=, can be chosen to be the stand­
ard inclusion of Spin(2n-1) into Spin(2n+1). Then i (centre of 
Spin(2n-1)) = centre of Spin(2n+1), so this subgroup (==Z9) can be 
divided out. Now consider the resulting pair 
(S0(2n+1) x SU 2 , i(S0(2n-l) χ S1)) 
where 
UZ,e1*) 
О О 
О О 
О О 
О cos pa -sin ρα 
0 sin ρα cos ρα 
У 
igt 
-ідф 
As in the preceding cases it can be assumed that ρ > 0, g > 0 and 
С C O 
(p,g) = 1. Then i is injective, so i = i and U = U. 
Bundle II of lemma 13.2 for this case is 
.1 
SO(2n+l)/(SO(2n-l) χ Ζ 
II : 
V 2n+l,2/Z 
-> G/U —» SU 2/S 
1- 1 
-> G/U > S 
2n+l,2 Ζ if к = 0 or 4n-l 
= Ζ if к = 2n 
= 0 otherwise [5]. 
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If q = 1, then clearly the spectral sequence for cohomology over 
Ζ of bundle II is trivial, so Η (G/U) ^ 0, hence G/U is not 
„2 4n-l homeomorphic to S x S 
For q J* 1 consider the bundle 
Z q ' ^ " V2n+l,2~~* V 2 n + 1 , 2 / Z q · 
This induces a bundle 
V 2n+l,2 
where H (E;Z) ^  H (V„ , „/Z ; Z). From the spectral sequence for 
2n+l,ζ q 
cohomology over Ζ of this bundle (for q / 1) it follows that 
H
 W-, J.Ì / z ) - z i f k zn+l q 
0 of к = 1 
=г Ζ if к = 2. 
q 
Consider the spectral sequence for cohomology over Ζ of bundle II. 
2 2 2 2 
From the diagram it follows that E ' = E ' =* Ζ . Consequently 
' 4 
; Η (G/U) ^ 0, so G/U is not homeo-
,_• ^ „2 4n-l 
morphic to S χ S 
7) С Φ Α. , С . Θ Τ , S x S η (η > 2) (table 5: nr 20, nr 3) , 
—η —1 —η-1 — — 
Gj = Sp(n), G 2 = SU 2. 
1 г , о 1 
Uj = С^, u 1 2 = Τ , u 2 = {0}, U = Sp(n) x S . 
In the same way as for case 5 one sees that the homomorphism i : 
о 1 
i : Sp(n-l) x S -*• Spin) x SU 2 
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can be assumed to be as follows: 
ο ιψ 
ι : α,e Ι­
Ο О 
О e 
О 
ιρψ 
β
1 4 ψ
 О 
-ι4ψ 
Ч 
J 
К ; 
о 
where p,q £ 2, (p,q) = 1 and ρ > 0, q > 0. Then ι is injective, 
о с 
hence ι = ι and U = U. 
Defxne c, as the standard inclusion of Sn(k) in SU(2k) such 
к 
that the following diagram is commutative: 
Sp(k)^-Í >• SU (2k) 
t t 
Sptk-D-^ * SU(2k-2) 
Ck-1 
where the inclusions of Sp(k-l) in Sp(k) and SU(2k-2) in SU(2k) are 
the standard ones; 
define g: Sp(n-l) * S -»• Sp(n) x SU 2 by 
, ιψ, , , ι(2η-1)ψ. g(a,e T) = Ka.e T) ; 
define f : Sp(n) χ SU 2 ->• SU(2n) « SU 2 by 
f(a,B> = с (a), 6: 
η 
define f: Sp(n-l) χ S 1 ->· SU(2n-l) * S 1 by 
Г 
0 
0 
ί·(α,β ΐ ψ) = n-1 
Λ 
0 О ι(2η-2)ρψ 
>
lt 
НО 
define h : SU(2n-l) χ s —f SU(2n) x SU 2 by 
Г 
h(a,e ψ) ιρψ e .a 
0 0 0 e 
-ιρ(2η-1)ψ 
Ι ι(2η-1 )αΨ 
^ 
-ι(2η-1)4ψ 
Then we have the following commutative diagram 
Sp(n) x SU 2 SU(2n) x SU 2 
A 
Sp(n-l)x S 1 f SU(2n-l)x S 
moreover ira f η im h = im f o g , 
dim (ira f) + dim (im h) - dim (im f η im h) = 
= dim(Sp(n)x SU 2) + dim(SU(2n-l)x S 1) - dim(Sp(n-l)x S ) = 
= 4n + 2 = dim(SU(2n)x SU 2) , 
hence SU(2n) x SU 2 = im f . im h. By §B it follows that 
G/U = Sp(n)x SU 2)/i(Sp(n-l)x S ) = (Sp(n)x SU 2)/g(Sp (n-1) x S1) 
Is diffeomorphic to SU(2n)x SU 2/h(SU(2n-l)x S 1 ) . 
The pair (SU(2n)x SU 2, h(SU(2n-l)x S ) corresponds to a pair of 
case nr 5 of this series, in which then η is to be replaced by 
n' = 2n-l, ρ by p' = р/с and q by q' = (2n-l).q/c, where с is the 
greatest common divisor of ρ and (2n-l)q; this is equal to the 
g.c.d. of ρ and 2n-l as ρ and q are relatively prime. It has been 
proved in case nr 5, that the corresponding homogeneous space is 
diffeomorphic to S x S for η' odd if and only if q' divides n'. 
The condition that (2n-l).q/c divides 2n-l means that q divides 
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с = (p,2n-l), so q divides ρ, but ρ and q are relatively prime, 
hence this condition is equivalent to q = 1. Consequently G/U is 
diffeomorphic to S x S if and only if q = 1. 
Remark. Conversely any transitive action of case nr. 5 on S χ S 
(with parameters p',q') is an extension of a transitive action of 
a transitive action of the present case (nr 7) by the inclusion 
f : Sp(n) χ SU 2 =->· SU(2n) * SU 2 with parameters p'.Un-l), q'; 
as q' divides 2П-1,this corresponds to an action with parameters 
(p' (2n-l)/q\ 1). 
In the following cases G/U may be a product of spheres, each of 
dimension > 2, consequently U must be 1-connected, hence U = U and 
о 
i = i. 
8) G 2 φ A 2, Aj A , S 5 x S 1 1 (table 5: nr 31, nr 4). 
The standardly supposed fibration would yield a spectral sequence 
for cohomology over Ζ . Clearly this spectral sequence would be 
6-i-
- * • 
9) С β A_, С . θ Α., S 
—η —¿ —η-1 —ι 
Gj = Sp(n), G 2 = SU 3. 
Ü! =^-1' E12 = V Ξ2 
11 
4n-l 
trivial, yielding 
H (G;Z2) ы Z 2. 
But H (Aut О x SU 3; Ζ ) Μ 
=Í Ζ θ Ζ . Contradiction. 
χ S (η > 2) (table 5 : nr 13/21, nr 4), 
{0}, U = Sp(n-l) х Sp(l) . 
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The groups SU 2 and Sp 1 are identified by the map 
ι-- -> (a + jb) 
which is a bijective Lie group homomorphism. A homomorphism i from 
U into G is defined up to equivalence by the diagrams of table 5 
and may be chosen as : 
f 
i(a,q) 
L 
0 0 
0 
0 q 
0 
0 
1 
У 
if α с Sp(n-l) , q = q + j q. e Η, q|| = 1 . Then the bundles 
I and II defined in lamma 13.2 can be specified in this case as 
follows: 
II : 5ρ(η)/5ρ(η-1)^-* G/U-*- SU 3/SU 2 
s
4n-l 
I : SU 2 ·=->• SU 3 -* SU 3/SU 2 ее S 
where I is a principal bundle of II by an action of Sp 1 = SU 2 on 
,.4η-1 , .. ., , S defined by 
ι ι ι -
1
 -
1
1 
q . (q1,...,qn) = (qjq ,-·.,qnq ). 
Now consider H as a 4n-dimensional vectorspace over R. The induced 
4n 
action of the compact group SU 2 on R is R-linear, so by a 
4n 
suitable choice of the metric on R it is orthogonal, hence an 
О(4n)-bundle III can be associated with bundle I so that III is a 
113 
Principal bundle of bundle II. A characteristic map of bundle III 
is null homotopic since π. (0(4n)) = 0 [48], so bundle III is 
С -equivalent to a product bundle, hence so is bundle II. Con­
sequently G/U is diffeomorphic to S χ S 
7 11 
10) G θ В , А ® А , S х S (table 5: nr 31, nr 9). 
The standardly supposed fibration would yield a spectral sequence 
for cohomology over Ζ , which would be trivial, yielding H (G,Z_) = 0. 
But 
5 
Η (Aut 0 x Spin 5,-Z )=2 
Contradiction. 
11 16 
11) С θ C„, С , Θ С,, S 7 x S 4" 1 (η > 2) (table 5: nr 13/21, nr 9) 
—η —ζ —n-1 —1 
G 1 = Sp(n) , G 2 = Sp(n-l) . 
»! =£n-l' il2 Çj, u 2 = {0}, U = Sp(n-l)x Sp 1. 
A homomorphism i from U into G is defined up to equivalence by the 
diagrams of table 5 and may be chosen as: 
i(<X,q) = 
0 0 
0 
o q 
q о 
ο ι 
a € Sp(n-l) , q 6 Sp 1 . 
The bundles I and II defined in lemma 13.2 can be specified in this 
case as follows: 
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I : Sp 1 с^ -> Sp 2 —>S 
II : Sp(n)/Sp(n-1)<^-^ G/U —>Sp 2/Sp 1 
*4n-l ^7 
Bundle I is a principal bundle of bundle II by an action of Sp 1 on 
4n-l 
S that is equal to the action in case nr 9. Again an 
0(4n)- bundle III can be associated with bundle I so that III is a 
principal bundle of bundle II. A characteristic map of bundle III 
is null homotopic since π (0(4n)) = 0 [9], so bundle III is C°"-equi-
b 
valent to a product bundle, hence so is bundle II, Consequently 
G/U is diffeomorphic to S x S 
12) G ffl G , A ffi A , S x S ( t a b l e 5 : n r 3 1 , n r 2 4 ) . 
The standardly supposed fibration would yield a spectral sequence 
for cohomology over Ζ with E^ = 0 for ρ + q = 5, yielding 
Η (G;Z ) = 0. But Η (Aut О x Aut Ο,- Ζ ) sa Ζ β Ζ Гб] . Contradiction. 
13) С Θ G
n
, С , θ Α,, S 1 x S 4"" 1 (η > 2) (table 5: nr 13/21,nr 24) 
—η —¿ —η-1 —1 — 
The standardly supposed fibration would yield a spectral sequence 
for cohomology over Z„ with E^ = 0 for ρ + q = 5, yielding 
Η (G;Z ) = 0. But Η (Sp(n) x Aut Ο; Ζ ) =* Ζ \b\ . Contradiction. 
4 11 
14) and 15) С θ G , A θ A θ A , S x S (table 5: nr 31, nr 13). 
The standardly supposed fibration would yield a spectral sequence 
ρ,σ 
for cohomology over Z- with E^ = 0 for ρ + q = 5, yielding 
Η (G;Z ) = 0. But Η (Sp 2 x Aut Ο; Ζ ) » Ζ Гб]. Contradiction. 
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4 4n-l 16) С Φ С.,, С , Θ Α. Θ Α. , S Χ S (η > 2) (table 5: nr 13/21, 
—η —¿ —n-l —1 —ι — 
nr 13) . 
Gj = Sp(nJ,G2 = Sp 2. 
Uj = Ç^ .j» íi12 = Aj/ ÏÏ.2 = ül' U = SP'"-1' x Sp 1 x Sp 1. 
The homomorphism i : U — » G is defined up to equivalence by the 
diagrams of table 5 and may be chosen as: 
r
 0 
0 
ί(α,β,γ) 
^ 
0 0 
0 
ο β 
if α e Sp(n-l), В and γ e Sp 1. 
It will be calculated, that Η (G/U; Z) =¡ Ζ and that the first 
Pontrjagin class of the tangent bundle to G/U is not zero. According 
to a result of S.P.Novikov [34] the rational Pontrjagin classes of 
the tangent bundle of a manifold are topological invariants for 
manifolds. As the tangent bundle to a sphere is stably trivial, the 
total Pontrjagin class of a product of spheres is trivial. It follows 
4 4n-l that G/U is not homeomorphic to S x Ξ ; still it is homotopy 
4 4n-l 
equivalent to S * S if η = 0 mod 24,- this remarkable fact will 
be shown using the J-homomorphism and results of I.M.James and 
J.H.C.Whitehead [27]. 
The bundles of lemma 13.2 can be specified in this case as 
I : Sp Ie—»• Sp 2/Sp 1 ·- Sp 2/(Sp 1 x Sp 1 ) 
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Π : Sp(n)/Sp(n-1) G/U 
-ι 
4n-l 
where I is a principal bundle of Π by the action of Sp 1 on S 
defined by 
q · (q 1»q2"-"4 n) = (qjq ^ q »•••«ч q ) 
4n-l 
where q, q. e H, |q| = 1, = 1. Consider H and H as real vector 
spaces. Then this action induces an R-linear action on H defined 
4n-l by the same formula that defines the action of Sp 1 on S . Define 
an action of Sp 1 on H by q . q' = q'q , where q, q' £ H, |q| = 1. 
This action induces a transitive action on the unit sphere in H, so 
it yields a 4-dimensional real representation of Sp 1, hence its 
ι ι 4 
diagram must be : + : . By a suitable choice of the base of R it can 
be assumed that this representation is orthogonal, it induces an 
inclusion i of Sp 1 in О 4. Define g : Sp 1 -> 0(4n) by r 1(δ) 
i(fi) 
gm = 
i m 
if δ e Sp 1. Let Ш (resp. Ш ) be the О(4n)-bundle (resp. О 4-bundle) 
associated with the Hopf bundle I by g (resp. i). 
О 4+ Sp 1 -a* 0(4n) 4n-l 
f f, ί [ 
Ε
ττ. " —
s
 *•
 E
- r ^ ; *• G 
I. J. !. I 
s
4
* 
ш 
-sV 
Ш 
/U 
θ 
4 
-*• S 
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4η-1 
Then Ш is a principal bundle of the S -bundle • . Denote by ξ 
(resp. η) the real vector bundles associated to bundle III (resp. IV) ; 
then clearly ξ = η.η. 
4 
Denote the tangent bundle to G/U (resp. S ) by τ G/U (resp. 
4 * 4 
τ S ) ; then τ G/U θ _1_ is equivalent to θ (τ S θ ξ) , where 1_ is a 
* 4 
1-dimensional trivial real vectorbundle over G/U, and θ (τ S θ ξ) 
4 
is the vector bundle over G/U induced by the projection fl : G/U -*• S 
of bundle II. 
4 
ρ (τ G/U) = ρ (τ G/U ® 1) (τ S г) 
Э* р(т Б * ρ(ξ) 
4 ~ 4 
The tangent bundle to S is stably trivial, so ρ(τ S ) = 1; 
ρ(ξ) = (ρ(η))η = (ρ(η))η, since ξ = η.η and H k(S 4) = 0 if к ^ 0,4. 
* 
Consequently p. (G/U) = п. ρ, (η). 
The Pontrjagin class of η can be calculated from the follow­
ing commutative diagram 
SO 2 x SO 2 
Let ρ be the characteristic map, by which the Hopf-bundle 
7 4 
Sp 1' ^ S —""S is induced from the universal Sp 1-bundle. The 0(4)-
principal bundle IV associated to I by i is induced from the universal 
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04-bundle by В. » p. 
The homomorphism i corresponds to 1 + : .It can be assumed 
that i(S ) с s x S , where S is the standard maximal torus of Sp 1, 
and S x S = SO 2 x SO 2 is the standard maximal torus of О 4.Generators 
y., y- (resp. x) of H (S x S ;Z) (resp. H (S ;Z)) can be chosen 
* * 
such that i' (y.) = +_ i' (y7)= +^  x. The elements y. and y (resp. χ) 
* 1 1 * 1 
can be considered as elements of Η (E /S x S ) (resp. H (E /S )) 
* * 
by transgression; then (В.,) (y ) = ¿(В ,) (y.) = +_ x. Let p(u) be 
* * 
the universal Pontrjagin class in H (Bn¿/Z)» then o.(p(u)) = 
(І+у^ ) (І+у^ ) Г8], hence (B )*c*(p(u)) = (lt-χ2)2. The algebra 
* * / 1 
H (В ;Z) is a subalgebra of H (EQ^./S ;Z) by virtue of the 
* 2 
inclusion σ . It is a polynomial algebra generated by χ in degree 4, 
which element is the image under the transgression in the universal 
* * 2 
Sp 1-bundle of a generator of Η (Sp 1;Z), so (B.) (p (u)) = 2x . The 
image under the transgression in the bundle I of a generator of 
Η (Sp 1;Z) is a generator a of H (S ,Ζ), hence ρ.(η) = (ρ Β.) (ρ (u)) = 
= + 2a. 
From the cohomology spectral sequence of bundle O : 
4n-l θ 4 S *=-*- G/U •* S , which is trivial, it follows that 
* 4 4 4 * 
θ : H (S ;Z) •*• Η (G/U;Z) is bijective, so b = θ (a) is a generator 
4 
of Η (G/U;Z) =i Z. Consequently p.(G/U) = +2nb, hence the rational 
Pontrjagin class of G/U is not trivial, so G/U is not homeomorphic 
to a product of spheres. 
We can find a characteristic map χ of bundle Ш : 
χ : Ξ ->• 0(4n) 
by composing a characteristic map χ' of bundle I and g. As I is the 
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Hopfbundle over S , the homotopy class of χ ^χ'] is a generator 
of π (S ) = тгЛЗр 1) =i Ζ. The map 
gp : π 3 (Sp 1 )->• π3(0(4η)) 
1- I-
Ζ Ζ 
is a multiplication with the index of g = h.(2n) = η, so [χ] is 
η times a generator of π,(0(4η)). 
The map J, . : π-(0(4η)) •* π (S П) [27] corresponds to 
J,4n J 4n+3 
the map 
J3,5 : π 3 ( 0 5 ) " " θ ' 5 5 ' 
i' 1= 
Z Z24 
by the standard map π (05) •* ir (0(4n)) and the suspension 
5 4n 
π_(5 ) ->• π
 + 3(S )ι both of which are bijective; the homomorphism 
J.
 c
 is surjective, hence J-, . [χ] = 0 if and only if η Ξ 0 mod 24. 
J / э J,4n 
Now it follows from results of I.M.James and J.H.C.Whitehead [27], 
4 4n-l 
that G/U is homotopy equivalent to S x S if and only if 
η = 0 mod 24. 
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§16. Results. 
The results of the preceding calculations are contained in table 7. 
By dividing out the (finite) kernels of the actions we get 
Theorem 3. All equivalence classes of minimal transitive and 
effective actions of connected Lie groups on products of spheres, 
each of dimension > 1, are the following: 
a) minimal auletic ones: combinations of two minimal pairs 
from table 6( 
b) the effective actions corresponding to table 7. 
The cases nr 1, 2, 3, 7 and 8 of this table are effective already, 
in the other cases the corresponding effective pairs are the following: 
4) G/U =; S 2 x S 3: 
a) (G U) = (SO 4,S ). The inclusion of U in G is defined by 
1ψ 
c o s 3ψ - s i n ai|) 0 0 
s i n аф c o s ai|/ 0 0 1 
0 0 c o s bij) - s i n Ьф 
0 s i n bijj c o s Ьф 
4 s 
where either a and b are positive integers that are relatively prime, 
with a greater than b and a+b odd, or a = 1 and b = 0. The latter 
case corresponds to the standard pair (SO 4, SO 2). 
This is the effective pair for the case ρ odd, q odd, ρ ^ q, 
(p,q) = 1 in table 7; a = \(p+q), b = ^(p-q). 
b) (Ο,υ) = (SU 2 χ SO 3, S ). The inclusion of U in G is defined by 
ч
іаф 
s i n bip c o s bijj 0 
0 0 1 
M 
-iai|> 
where a and b are relatively prime integers with b odd. 
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This is the effective pair for the case ρ even, q odd in table 7; 
a = hp, b = q. 
5) G/U r- S 2 x S 4 n + 1 , η > 1. 
(G,U) = (Ξ0(2η+1) x SO 3; (SU(2n) x S )/Ζ ) 
q 
where Ζ denotes the group 
{ (в-І^Р/Ч. E , e i U k / q ) I к e Ζ} 
E is the unit matrix in SU(2n). The inclusion of U in G is defined 
by 
(a, e V z іоф e - .α 
V 
О О 
О e 
О 
-іпрф 
У 
/ 
c o s 2qijj - s i n 2qψ О 
s i n 2qiij c o s 2qψ О 
О 0 1 
V 
where ρ and q are positive integers,that are relatively prime, and 
q divides n. 
6) G/U = S 2 x S 4" 1 (n >_ 2) 
a) (G(U) = (Spin) x SO 3, Sp(n-l) x S ) 
The inclusion of U in G is defined by 
0 
0 
л 
a, e 
1Ψ 
О О 
О e 
О 
іЬф 
cos ψ 
s in ψ 
0 
- s i n 
c o s 
0 
Φ 
Φ 
0 
0 
1 
where b is a positive integer. This is the effctive pair for the case 
ρ even in table 7; b = Чр. 
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b) (G,U) = f(Sp(n) x SU 2)/Z2, Sp(n-l) x S /Z 2) 
where Ζ denotes the subgroup { (1,1),(-1,-l)} . The inclusion of 
U in G is defined by 
r 
(а, е 1 ф ) . г 2 ~ ( 
0 0 
0 
ίρψ 
e О 
-ίψ 
)· ζ, 
where ρ is a positive odd integer. 
From the above and lemma 13.3 follows 
Corollary 1 : Each effective and irreducible transitive action of 
compact connected Lie groups on products of two spheres of dimen­
sion > 1 is equivalent to one of the following actions: 
a) the irreducible transitive and affective auletic actions: 
the combinations of two actions contained in table 6; 
b) the effective actions corresponding to table 7 as described 
in the above; 
6 7 
c) the action of SO θ on S χ S according to case nr. 4 of 
table 4, which is an extension of an action of Spin 7 (case nr. 2 of 
table 7); 
d) the effective actions corresponding to the actions of 
SU(2n) χ SU 2 on S χ S described in case nr. 5 of table 2 (p. 103), 
under the conditions q|n and (p,q) = 1, which are extensions of the 
effective actions of Sp(n) x SU 2 and Sp(n) χ SO 3 on S x S 
described in the above, corresponding to case nr. 6 of table 7, 
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Note that simple extensions can be deduced in a simple 
way: if (G,U) is an effective simple extension of a pair (G,U), then 
л л 
(G,U) (resp. (G,U)) corresponds to a pair of Lie algebras {çj_,u_,j) 
(resp. (g_,û,j)), where 
g = 2. * ν, where \r is the Lie algebra of a compact Lie group, 
u = u θ ν , 
j(u,v) = (f(u,v),v), where f is an imbedding of the Lie 
algebra u = u Θ ν in £, whose restriction to u is equal to j. 
In all cases the corresponding homogeneous space, which is 
OD 
endowed with the (unique) С -structure such that the action is of 
CO 
class С , is diffeomorphic to a product space of two spheres endowed 
with the usual С -structure. This yields 
Corollary 2. If a homogeneous space G/U is homeomorphic to a 
product of two spheres of dimension > 1, where G is a connected Lie 
group, then it is diffeomorphic to this product, endowed with the 
usual differentiable structure. 
Remark 1. A homogeneous space G/U can be homotopy equivalent to a 
product of two spheres S * S although G/U is not homeomorphic to 
S x S (which is a homogeneous space itself ! ) . This fact is shown 
by case nr. 16 of table 2 for η a multiple of 24 (p. 116). The 
homogeneous space (Sp(24k) * Sp2)/Sp(24k-1) χ Sp 1 described there, 
96k—1 4 
is homotopy equivalent to S χ S , but it is not homeomorphic 
to this product space. 
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Remark 2 : In many cases in which G/U is homeomorphic to a product 
of two homogeneous spaces X. and X , a subgroup H of G can be found, 
of which U is a subgroup, such that G/H is homeomorphic to X. and 
H/U is homeomorphic to X_, or X. and X interchanged. This is not 
always possible, as it is illustrated by the following example 
(case nr. 4 of table 7) ; (this is the only example occurring in 
table 7}: 
P u t G = S U 2 x SU 2, U = S and l e t t h e i n c l u s i o n i of U 
in G be defined by 
r 
χ ( 6
1 ψ ) 
6
1 ρ ψ
 О 
-ірф 
^ О 
-iq* 
where ρ and q are positive integers, relatively prime, and ρ φ 1, 
2 3 
q И 1· Then i is injective and G/U is homeomorphic to S χ S . 
The only compact connected subgroups of SU 2 other than 
{ e} and SU 2 are its maximal tori =* S , which are conjugate to 
each other in SU 2. If H is a subgroup of G such that G/H is homeo­
morphic to S , then H can only be isomorphic to SU 2 by the Oniêoik 
criterion; up to equivalence the only possible ilnbeddings of H in G 
are the following two: 
α >->- (α, 1) 
α t~* (α, α) 
Clearly in both cases no imbeddings of U = S in H = SU 2 exist 
such that the composition yields a pair that is equivalent to (G,U). 
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If H is a subgroup of G such that G/H is homeomorphic 
2 
to S , then, up to equivalence, H can only be the subgroup of G 
isomorphic to SU 2 χ S defined by the inclusion 
(a, e1*) a, 
e
1
* 0 
-ІФ 
Up t o equivalence, the imbedding of U — S in H — SU 2 χ S must 
be defined by 
ірф 
-ίρψ 
iqifi 
ίψ. 
iqil· 
-ідф 
, e 
ІрФ 
since the composition S G should yield a pair that is 
equivalent to (G,U). Then H/U is homeomorphic to S /Ζ or S /Ζ 
q Ρ 
respectively. As ρ φ 1 and q / 1 by assumption, both spaces are 
not homeomorphic to S . 
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table 3. The equivalence classes of pairs (EK, u^, j) that have 
more than one diagram. 
first representation diagram second representation diagram case 
nr. 
*1 1 + Ì + I + 1 
з^ 
0 1 0 
1 0 
L 2. 9 + 2-5-1 
0 1 . 0 1 
h 
h 
h 
h 
A ® 
*1 
^ 3 
θ 
s 
θ 
© 
^1 
® 
^1 
h 
h 
h 
fflAi 
^2 
1_ 
1 
2 
2 
2 
2 
2 
-9-S 
1 
9 + 
9 + 
9 + 
0 0 
0^0 
0 
0 
0 
+ 
+ 
2 
4 
1 
0 
0 
+ 9 
1 1 
1_0 
1 
0 0 1 
i 9 + 1 
î 1 + 1 
I î + 1 
1 1 9 + 
1 0 ^ 
0 
1 
0 
1 
+ 
+ 
0 
9 1 + 95 
1 0 
1 
5 
6 
7 
θ 
9 
10 
11 
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Table 4. Compact connected simple transitive transformation Lie 
groups on products of two spheres. 
s
a
 x s
b 
s
5
x s
7 
s
6
* s
7 
s
6
x s
7 
s
6
x s
7 
s
7
x s
7 
G 
SU 4 
Spin? 
spine 
и 
SU 2 
SU 3 
SU 4 
1 
SO 8 SO 6 
[ 
| 
SpinS Auto 
2. 
^З 
£з 
54 
54 
54 
и 
h 
^2 
^З 
^З 
^2 
diagram(s) 
1 
і_о
+
о _і 
1 о о
+
о о 1 
or 
ÇLL.-9 
0 1 0 
Ы 
inclusion U <=—» G 
α ( > 
( 0 0 
a
 0 0 
1 0 1 0 
0 0 0 1 
lifting of the map 
SU 3^+ SO 7 defined by 
( _ _ o) 
a+a i(α-α) 0 | 
-i(a-a) a+a
 0 
1^0 0 0 0 0 0 ij 
lifting of the map 
SU 4 -У SO θ defined by 
/ - - ^  
αϊ- >Ч 
α+α i(a-c) 
1 -i(α-α) α+α 
standard inclusion 
Spin б с-* Spin a 
corresponding to the 
inclusion SO 6 <-»- SO 8 
as in case nr. 4. 
о ol 
0 0 
0 0 
0 О" 
0 0' 
0 0 
0 0 0 0 0 0 1 Ol 
0^ 0 0 0 0 0 0 ij 
standard inclusion 
case 
nr. 
1 
2 
3 
4 
5 
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Table 5. All equivalence classes of pairs of Lie groups (G,U), where 
r(G
r
U) = 1, G is a connected and simply connected compact simple 
Lie group, U is a compact subgroup and G/U is simply connected. 
G 
s' 
SU 2 
Spin 3 
SU 3 
SU 3 
SU 4 
Spin 6 
SU(n+l) 
n>3 (2) 
SU(n+l) 
n>.
2 
Spin 5 
Sp 2 
Spin 5 
Spin 5 
Spin 5 
Spin 5 
Ξρ 2 
и 
{e} 
{e} 
S' 
SU 2 
SO 3 
Sp 2 
Spin 5 
SU (η) 
SUtnJxS 1 
SU 2 
Sp 1 
Spin 3 
SU 2 
Spin 3 x 
Spin 2 
Spin 4 
Sp 1 χ Sp 1 
£ 
Tl 
*1 
h 
h 
*2 
^З 
^З 
A 
—η 
A 
—η 
^2 
^2 
«2 
^2 
^2 
^2 
^2 
u 
-
-
Τ' 
*1 
li 
±2 
*2 
*n-l 
Vl^' 
^1 
^ 
h 
h 
A ΦΤ' 
*!«*! 
с1в,с1 
representation 
diagram 
1 
2 
1_0 
> 
U J 
1 0 0 0 0 
1 0 0 0 0 
ï + Ì Ί 
> 
1 
J 
2 
h 
2 
1 1 
> 
u. ) 
Dynkin 
indices 
1 
4 
1 
1 
1 
1 
2 
10 
2 
1,1 
homogeneous 
space G/U 
s
1 
s
3 
s
2 
s
5 
SU 3/SO 3 
s
5 
2n+l 
pn(c) 
s
7 
V5,2 
% 2 
s
4
 = РЧН) 
case 
nr. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
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G 
Spin 7 
Spin 7 
Spin(2n+1) 
" I 3 
Spin(2n+1) 
n>4 (3) 
Spin(2n+1) 
n^3 
Sp(n) 
ПІЗ (2) 
Sp(n) 
n>2 
Sp(n) 
n>3 (2) 
Spin θ 
Spin θ 
Spin(2n) 
n>_5 (4) 
Aut(O) 
Aut(O) 
Aut(O) 
Aut(O) 
Aut(O) 
Aut(O) 
Aut(O) 
Aut(O) 
U 
A4t(0) 
Spin 6 
Spin(2n-1) 
Spin(2n) 
Spin(2n-l)xSl 
Sp(n-l) 
Spin-DxS1 
Sp(n-l)xSp 1 
Spin 7 
Spin 7 
Spin(2n-1) 
SU 2 
SU 2 
SO 3 
SU 2 
SU 3 
ευ 2 χ s1 
SU 2 x S 
SU 2 x SU 2 
g 
з^ 
з^ 
u 
^ 
5з-з 
В 'В . 
-η -η-1 
В 
—η 
В 
-η 
С 
—η 
С 
—η 
С 
—η 
54 
54 
D 
—η 
£•2 
^ 
^ 
5-2 
^2 
°2 
^2 
% 
D 
—η 
Β .ΘΤ
1 
-η-1 
Sn-1 
С ,ΦΤ
1 
-η-1 
^ - 1 ^ 1 
5з 
5з 
V i 
І^ 
І^ 
h 
h 
h 
A ШТ1 
A ffiT1 
*!»*! 
representation 
diagram 
L_0. 
0..L.5 
L-9 І...9- S, 2 
LJ 5.. . 1 ^ 
0 
i Л 0....0.-S 2 
i_ о о... 2- ì -S 
¡.-2 2 · . .2 £ -2 
1 o_o...o_5i.o 
+9 Ì.-S...2 2J 
1 0 0 ] 
0 0 1 
*~ » J 
ι o__g...o_-2.-2 
Dynkin 
indices 
28 
1,3 
homogeneous 
space 
s
7 
s
6 
ν 
2n+l,2 
s
2 n 
G2n+1,2 
s
4n-l 
P 2 " " 1 ^ 
P ^ t H ) 
s
7 
s
2
-
1 
V7 (2 
6 
S 
G7,2 
.. _ „ 
case 
nr 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
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Table 6. The equivalence classes of irreducible transitive and 
effective actions of compact connected Lie groups on spheres. 
1 ' 
s
n 
s
1 
s
2 
s
3 
s
4 
s
5 
s
6 
s
7 
remarks G 
S1 
SU 2 
SU 2 
SO 5 
SU 3 
SO 6 
Aut 0 
SO 7 
Sp 2 
SU 4 
Spin 7 
SO 8 
и 
{e} 
•' 
{e} 
SO 4 
SU 2 
SO 5 
SU 3 
SO 6 
SP ι 
su 3 
Aut 0 
SO 7 
g 
τ
1 
h 
h 
*2 
à-2 
^3 
¿2 
*3 
±2 
^ 
h 
54 
u 
{0} 
T1 
{0} 
^1^1 
£i 
22 
^2 
Аз-Нз 
^1 
^2 
^2 
Із 
diagram(s) 
1 1 
1 
1 0 Ì 
« · 
0 1 
Ì 0+9 i 
0 1 0 
1 
> 
1+1 
J 
Li 
LJ-i 
<L\1 ƒ 
M : mminal 
or 
extension 
of case nr. 
M 
M 
M 
M 
M 
5 
M 
7 
M 
9 
9,10 
9,10,11 
ι 
case 
nr. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
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s
n 
s
1 5 
s
2 n 
c
4 n + l S 
s
4 n - l 
r e m a r k s 
η >^  4 
η i 2 
η >_ 5 
o r 
η = 3 
G 
S p i n 9 
Sp 4 
SU 8 
SO 16 
Ξ Ο ( 2 η + 1 ) 
S U ( 2 n + l ) 
S O ( 4 n + 2 ) 
S p ( n ) 
S U ( 2 n ) 
S O ( 4 n ) 
U 
S p i n 7 
Sp 3 
SU 7 
SO 15 
S O ( 2 n ) 
S U ( 2 n ) 
S O ( 4 n + l ) 
S p ( n - l ) 
S U ( 2 n - l ) 
S O ( 4 n - l ) 
a 
% 
^ 4 
^ 7 
2e 
В 
- η 
^ 2 n 
- 2 n + l 
С 
- η 
^ п - І 
^ 2 n 
u 
^ З 
^ З 
^ б 
^ 7 
D 
- η 
* 2 η - 1 
hn 
Sn-1 
^ 2 η - 2 
hn-1 
d i a g r a m ( s ) 
o f t h e 
p a i r 
0 0__1 
1 0 0 
1 0 0 0 0 0 
1 0 0 0 0 0 0 
1 0 0 о o J 
0 
1 0 0 0 0 0 
1 0 0 0 0_0 
1 0 0 0 0 0 
1 0 0 0 0 0 
1 0 0 0 0 0 
M : m i n i m a l 
o r 
e x t e n s i o n 
o f c a s e n r . 
M 
M 
14 
1 4 , 1 5 
M 
M 
18 
M 
2 0 
2 0 , 2 1 
c a s e 
n r . 
13 
14 
15 
16 
17 
18 
19 
2 0 
21 
2 2 
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Table 7. All equivalence classes of non-auletic minimal transitive and almost effective actions of 
l-connected Lie groups on products of two spheres of dimension > 1. 
^a Ja 
Ξ x S 
s
5
 χ s
7 
s
6
 « s
7 
S 7 χ S 7 
s
2
 χ s
3 
c2 „4П+1 S x S 
SU 4 
Spin 7 
I 
Spin 8 
SU 2 x SU 2 
SU(2n+l)xSU 2 
SU 2 
SU 3 
Aut О 
1 
SU'2n) x S 
в
-2іі*ркЛі 2i*k/q|k z 
inclusion Uч- G 
0 0 
Ci oo 
0 0 10 
0 0 0 1 
4. У 
lifting of the map SU 3 ->-SO 7 
defined by 
α+α ί(α-α) 
-ita-ex) α+α 
0 0 0 0 0 0 2 
4 
see for instance [48]. 
M 
i* 
3 1 ρ ψ 0 ì 
e-iP*J 
ΐρψ 
e .α 
e
i q
* 0 
-ί4ψ 
0 e 
0 
-2ίηρψ 
ідф 
remarks 
-iqt 
p,q(N 
(P,q)=l 
päq 
n>l 
P/qtN 
(P,q) = l 
qln 
nr. 
1 
S" χ s Sp(n) X SU 2 Sp(n-l) X S 
S χ S Sp(n) x SU 3 Sp(n-l) x Sp 1 
S x S Sp(n) x Sp 2 Sp(n-l) x Sp 1 
a,e
 T
 •* 
oi,q 
a-,q 
0 
r 
0 . 
^ 
0 . 
a 
a 
a 
0 
0 
0 
t 
. 0 e ÌP*J 
0 Ί 
0 
0 
0 q 
o' 
0 
^ 
0 
0 q 
Г 
> 0 
,Ο e " 1 * 
С .л 
ι 
• 
*ο^ι
 0 
Ί % 0 
0 0 1 
f 
q ο" 
0 1 
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Terms 
action p.13 
~ of class C™ p.13 
equivalent ~ p.13 
similar ~ p.13,14 
extension of an ~ p.14 
restriction of an ~ p.14 
transitive ~ p.14 
minimal transitive ~ p.14 
irreducible transitive ~ p.14 
effective ~ p.18 
almost effective ~ p.19 
auletic p.85 
criterion, OniStik ~ p.48 
diagram 
~ of a pair p.30 
~ of a representation [26,46] 
orthogonal ~ p.30 
symplectic ~ p.30 
extension 
~ of an action p. 14 
simple ~ of an action p.14 
~ of a pair p.17 
equivalent ~ p.100 
fibre bundle [8,43] 
fibration, standardly supposed p.49 
homogeneous space p. 
index, Dynkin ~ p. and [19] 
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isotropy group p.15,20 
kernel 
of an action p.17 
of a pair p.17 
pair of Lie groups p.16 
equivalent ~ p.16 
extensions of a ~ p.17 
effective ~ p.18 
almost effective ~ p.19 
rank of a ~ p.90 
primitive elements [7] 
rank p.90 
row of representation diagrams 
admissable ~ p.42 
equivalent ~ p.42 
subpair of Lie groups 
semi-simple ~ p.21 
maximal semi-simple ~ p.21 
subpair of Lie algebras 
simple ~ p.24 
transformation group p.13 
Notations 
In general a fibre bundle is denoted as 
F <—*• E -2+ в 
where В is the base space, E is the bundle space, F a fibre and ρ 
the bundle projection. 
In the diagram of a spectral sequence for cohomology over a ring A 
a cross χ denotes A, two crosses denote Α β A, a number η denotes Ζ . 
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Symbols 
A : p.29 and [26] 
—η 
Äut(O) : the group of automorphisms of О 
В : p. 29 and [26] 
—η 
С : the complex numbers 
C^ : p.29 and [26] 
D : p.29 and [26] 
—η 
ρ. q 
D :cfr. spectral sequences 
E : unit matrix 
E : p.29 and [26] 
—η 
ρ, q 
Е^ : cfr. spectral sequences 
F^ : p.29 and [26] 
G : p.13,15,49,84,89 
Gj, G2 : p.85 
G : p.29 and [26] 
2.1' £2' 3k : P· 2 4' 8 8 
gl : p.29 
H : the algebra of quaternions 
H*(_,Q) : p.88 
a 
i : p.99 
J. І1, І2· Jk : p.23,24,90 
kj, k2 : p.86 
N : kernel of a pair 
О : the algebra of octaves 
0(n) : the group of real orthogonal η χ η-matrices 
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РГ
 Р 2 ' Рк : Р · 2 1 ' 8 5 
Р
Г
 р 2 ' рк : Р · 2 0 ' 2 4 
р. : Pontrjagin class [θ] 
P(...,t) : Poincaré polynomial 
ч1> ч2 •• Ρ ·
8 6 
R : the real numbers 
r : rank 
S : unit sphere in Euclidean space R 
SO(n) : the group of special real orthogonal η * n-matrices 
Sp(n) : the group of symplectric η x n-matrices 
Spin(n) : the n-th spinor group [15] 
SU(n) : the group of special unitary η x n-matrices 
T^  : n-dimensional real Lie algebra with trivial product 
U : p.15,52,88 
Uj, U 2 : p.86 
u : p.24 
Uj, u 2, u 1 2 : p.88 
V = SO(p)/SO(p-q) 
p.q 
Г 1, r2 : p.86,88 
ì 2--? etc. : representation diagram [26] 
/ : quotient of a group by a subgroup 
| : restriction of a map 
A[X,,...,X ] : algebra of polynomials in x.,...,x over A. 
i n I n 
Ιχ.,.,.,χ Î : A-module, generates by χ , ...,x 
(x.,...,χ ) : ideal, generated by χ,,.,.,χ i n I n 
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Samenvatting. 
In de meetkunde spelen homogene manifolds * een belangrijke rol. 
Vele bekende ruimten uit de meetkunde zijn van dit type, zoals b.v. 
de z.g. "symmetrische ruimten" [22].** 
Bij het bestuderen van homogene manifolds ontstaat op een 
natuurlijke wijze het volgende probleem: zij gegeven een kompakte 
samenhangende homogene manifold X; bepaal nu alle kompakte samenhan­
gende Lie transformatiegroepen, die transitief werken op X of op een 
manifold, die homeomorf (of homotopie equivalent) is met X. 
Ten aanzien van dit probleem zijn er belangrijke bijdragen geleverd 
door A.Borei [3], W.-Y.Hsiang en J.C.Su [24], D.Montgomery en 
H.Samelson [33], A.L.Oniscik [36], J.Poncet [37], H.Scheerer [40] 
en anderen. 
Het volgende feit nu, dat waarschijnlijk voor het eerst 
gezien is door J.Tits, is opmerkelijk: de produktruimte van twee 
7 7 
7-sferen, £ x S , laat niet alleen SO θ χ SO 8 toe als transitieve 
* Een manifold heet homogeen als deze een Lie transformatiegroep G 
toelaat, zodat voor iedere x, y e X een element g in G bestaat met 
g . χ = y. In dit geval heet G een transitieve transformatiegroep 
van X. Onder bepaalde voorwaarden kan worden bewezen, dat dan X 
diffeomorf is met een quotient van G. 
** Getallen tussen haken [ ] verwijzen naar de bibliografie pag. 
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transforinatiegroep (met de voor de hand liggende werking) , maar ook 
de enkelvoudige groep Spin 8. Bovendien is het reeds langer bekend, 
dat eveneens de enkelvoudige Lie groepen Spin 7 en SO θ (resp. SU 4) 
als transitieve transformatiegroepen werken op de produktruimte 
S x S (resp. S x S ). 
Gestimuleerd door dit merkwaardige verschijnsel hebben we 
onderzoek verricht om alle kompakte samenhangende transitieve Lie 
transformatiegroepen te bepalen van ruimten die homeomorf zi]n met 
een produkt van twee sferen. 
Dit proefschrift bevat de gevonden klassifikatie. De pre­
sentatie is als volgt: in het eerste deel wordt equivalentie van 
werkingen van transitieve transformatiegroepen gedefinieerd, en de 
klassifikatie van transitieve werkingen van produkten van de 
klassieke kompakte groepen wordt beschreven d.m.v. representaties 
van Lie algebra's (§51-7). 
Het tweede deel begint met de toepassing van een stelling 
van A.L.OniáCik (over een cohomologische invariant van homogene 
ruimten) op het geval van produkten van twee sferen (§8). 
Dan beperken we ons eerst tot enkelvoudige transformatie-
groepen (§§9-12). Daarbij gebruiken we het criterium, dat is afge-
leid uit de stelling van OniáCik, samen met technieken uit de 
algebraïsche topologie; zo ontstaat de lijst van alle transitieve 
werkingen van enkelvoudige kompakte samenhangende Lie groepen op 
produkten van twee sferen. Het blijkt, dat hier alleen de reeds 
bekende werkingen mogelijk zijn (tabel 3). 
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Daarna wordt de structuur bestudeerd van minimale transitieve 
werkingen van niet-enkelvoudige kompakte samenhangende Lie groepen 
op een produkt van 2 sferen S χ S , waarbij a, b > 1 (§13). (Een 
transitieve werking van een groep G heet minimaal als het geen uit­
breiding is van een transitieve werking van een echte ondergroep van 
G.) Met behulp van algebraische topologie en de theorie van Lie 
algebra's wordt een lijst samengesteld van alle equivalentie klassen 
van minimale transitieve en effektieve werkingen van samenhangende 
Lie groepen op ruimten die homeomorf zijn met een produkt van twee 
sferen van dimensie > 1. Samen met corollary 1, §16 over uitbreidingen 
van werkingen levert dit een klassifikatie van kompakte transformatie 
groepen van deze ruimten. 
Bij de onderzochte werkingen is een interessant geval, waar 
de homogene ruimte in kwestie wel homotopie equivalent, maar niet 
homeomorf, is met een produkt van twee aferen (remark 1, §16). 
Een opmerkelijk verschijnsel, dat zich voordoet in de ge­
vonden werkingen op Produkten van twee sferen wordt gesignaleerd 
in remark 2, §16. 
De afbeelding op de omslag stelt een productbundel over S 
2 
met vezel S voor (zie pag. 100 en pag. 125). Het figuurtje dat op 
de S loopt, is het "Oldenzaalse Boeskoolmenneke", naar een beeld 
van Jan Kip. 
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Stellingen. 
1. ledere inverteerbare (nxn)-matrix over de ring der gehele functies 
is rij-equivalent met de eenheidsmatrix. 
2. Bij gegeven reële parameters u en λ, met u > 1 en |Xu| < 2, is er 
een injectieve analytische functie f o p { z | г е С л | г | < 1 } , waar­
voor 
f(0) = 0 
f (z) - -rr-r + Xu log — ^ — = u(z ) als ζ Φ 0. 
f(z) ζ ζ 
3. Zij G een samenhangende compacte Liegroep, U een gesloten onder­
groep, zodat G/U homeomorf is met het product van een sfeer S en 
een cirkel Ξ . Dan is er een compacte groep G., zodat G. χ S een 
overdekkingsgroep van G vormt en zodat deze en de geïnduceerde 
o 
overdekking U van U voldoen aan 
i) G./U η G is homeomorf met S , 
β о 
ii) U/U η G is een eindige cyclische groep. 
4. Bij het spelen van klaviermuziek uit de renaissance en de barok 
verdient het de voorkeur de stemming van het instrument aan te passen 
aan de muziek op basis van historische gegevens. Waar echter om 
practische redenen één temperatuur voor zeer verscheidene muziek 
moet dienen, biedt de onderstaande het voordeel, dat ze wel in alle 
toonsoorten, met behoud van hun eigen karakters, te gebruiken is, 
maar tevens de middentoontemperatuur beter benadert dan vele gangbare 
baroktemperaturen; bovendien is ze eenvoudig toe te passen. 
De temperatuur is bepaald door: 
g - b zuivere terts 
g - d - a - e - b e n f - c middentoon-quinten, 
as - es licht overzwevende quint 
overige quinten zuiver. 
Cents-tabel: 
с cis d es e f fis g gis a bes b 
6,2 98,3 204,7 305,7 397,8 509,6 596,4 708,1 800,3 901,3 1007,6 1094 
5. In de klaviermuziek rond 1600 staan historische vingerzettingens-
systemen in verband met afwisseling in aanzet van de toon. Met be­
hulp van deze systemen kan echter niet het probleem worden opgelost, 
waar cesuren aangebracht moeten worden. Het is met name onjuist bij 
iedere vingeroverzetting een cesuur te maken. 
[G.Diruta : Il Transilvano, Venetia 1597, 
Fray Tomás de Santa Maria : Arte de taffer Fantasia, Valladolid 1565, 
H.Ferguson : Keyboard interpretation from the 14 to the 19 
century, Oxford Un. Press, London 1975] 
6. De algebra en de analyse in het voortgezet onderwijs moeten 
sterk steunen op de rekenkunde. De vaardigheid en het inzicht in 
de rekenkunde dienen niet verdrongen, maar juist versterkt te worden 
in de wiskundelessen, in het bijzonder, wanneer leerlingen formele 
algebraische structuren leren toepassen bij het rekenen met letters. 
Het verdient verder aanbeveling in de analyse in H.A.V.O. en 
V.W.O. numerieke benadering van getallen en functies (foutenleer, etc.) 
te integreren. Dit element van de wiskunde, dat zowel in toepasbare 
als zuivere wiskunde een belangrijke rol speelt, kan zowel verduide-
lijkend als verrijkend zijn in vele analyse-lessen, b.v. over limieten, 
over integraalrekening en over differentiaalrekening. 
7. De houding van wiskundeleerlingen t.a.v. letters, die voor hen 
onbekenden zijn, die ze nooit zullen leren kennen, kan beschreven 
worden door: "onbekend maakt onbemind". 



